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Abstract

The nature of dark matter remains one of the most significant unsolved mysteries
in the field of physics. The observations that lead to the dark matter problem
are reviewed in Chapter 1 of this thesis. There are many proposed solutions for
the various unexplained phenomena. Two major frameworks that continue to be
tested today are the lambda cold dark matter cosmological model (ΛCDM) and
Milgromian dynamiccs or MOdified Newtonian Dynamics (MOND). This thesis
tests both frameworks using galaxy clusters. Galaxy clusters were chosen as the
object of this investigation because they are the largest virialized systems in the
Universe, so they are at the intersection of cosmology and astrophysics.

In the context of Newtonian dynamics, dark matter halo models with differ-
ent density profiles were fit to the cluster data. These models were the pseudo-
isothermal profile, Burket profile, Lucky-13 profile, NFW profile and the Einasto
profile. The simple case of scaling up the baryonic component was also investigated.
These models were quantitatively compared and the best fit profile was found to
be the pseudo-isothermal profile. This cored profile was favored over the ΛCDM
NFW and Einasto profiles, adding further evidence to the “cusp-core problem” that
has been observed for galaxies. The NFW and Einasto profiles were investigated
further using ΛCDM scaling relations, to varying degrees of success.

The observations from the clusters were then fit using MOND. Firstly it was
found that additional mass is still needed for MOND in clusters, which is a well
known issue. This missing mass was attempted to be modelled in the same way as
before using density profiles. The profiles used here were cored density profiles with
a converging mass, a density profile proportional to 1/r, and a truncated sphere
with constant density. The best fit profile here was the cored profile. In order
to determine the nature of this missing mass, a number of correlation tests were
applied to the data.

An estimation of the possible hydrostatic bias was performed in the context of
MOND. The Newtonian models and MOND models were compared using the data
unaffected by hydrostatic bias. It was found that the MOND cored density profile
was the overall best fit model. This, among other successes for MOND throughout
this thesis, as well as some issues arising for ΛCDM, gives further credence to the
theory of MOND. The missing mass needed in MOND in galaxy clusters, however,
does not have a clear explanation, but some hints were found that it may be possibly
related to the properties related to the properties of the ICM, most notably its
temperature.
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1
Introduction

1.1 A History of Dark Matter

One of the biggest unanswered questions in physics today is the nature of dark
matter. The idea that there could be some form of “dark matter” identified by
its gravitational effect, was proposed as early as the 19th century, by studying the
orbits of the planets in the Solar System. During the 1840s, Urbain Le Verrier and
Johan Couch Adams found anomalies in the orbit of the outermost planet that was
known in the Solar System at the time, Uranus. They proposed the existence of an
unobserved “dark planet”. This planet was discovered in 1846 by J. G. Galle and
H. L. d’Arrest by pointing their telescope in the direction of Uranus, predicted by
the calculations of Le Verrier. This planet that was named Neptune. Le Verrier
subsequently found another anomaloy in the Solar System. He found that there was
an anomalous degree of precession of the perihelion of Mercury and so proposed
again that there was some missing mass in the form of a “dark planet” that he
named Vulcan. [7] This planet was never discovered and we know now that the
reason for the anomalous precession is due to General Relativity. The history of
these gravitational anomalies in the Solar System are interesting, as they highlight
two completely different explanations for the same problem. In the case of Uranus
there was indeed some missing matter present in form of Neptune but in the case of
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Mercury the solution was a drastic change and extension of the gravitational physics
that was known at the time. This interplay between dark matter and modifying
gravitational physics is still very relevant today and is the focus of this thesis.

1.1.1 Evidence from galaxy dynamics

Skipping ahead to the early 20th century, the investigations extended from our Solar
System to the Milky Way. In 1906 Lord Kelvin attempted to perform a dynamical
estimate of the mass of the Milky Way galaxy, proposing that some of the stars
could be “extinct and dark”. Henri Poincaré responded to this work and for the
first time coined the term “dark matter” (“matiére obscuré” in the original French).
However, he proposed that the abundance of this dark matter was less than that
of visible matter [8]. Scientists continued to posit about the mass of the galaxy
and whether this missing or dark mass in the form of faint stars was relevant. In
1932 Dutch astronomer Jan Oort studied the vertical kinematics of stars in the solar
neighbourhood by using their Doppler shifts in order to calculate their velocities. He
found that the vertical velocity dispersion of stars was much higher than should be
possible from the gravitational pull of the luminous mass. He therefore postulated
that there was some unseen mass to account for these velocities. Oort also estimated
that the maximum allowed amount of dark matter was less than half of the total
mass [9]. Luminous matter was still thought to be the dominant type at this time.

During the same years of Oort’s investigation, the Swiss astronomer Fritz Zwicky
was studying the redshifts of galaxies in the Coma cluster. He found that the
velocity dispersion of the galaxy members was significantly larger than the estimated
escape velocity from the cluster potential well. This led to the absurd result that
the entire galaxy cluster should have been unbound. Armed with this knowledge he
then used the Virial theorem to determine the mass of the cluster. This led him to
the conclusion that “If this would be confirmed, we would get the surprising result
that dark matter is present in much greater amount than luminous matter”. [10]
This was the first time a galaxy cluster’s mass was estimated, and it was done so
in the context of dark matter. Soon after this revelation, Sinclair Smith analysed
data of the Virgo Cluster and came to similar conclusions [11].

Further work was performed in the coming decades but it wasn’t until the 1970s
with the publication of rotation curve of M31 by Vera Rubin, that things propelled
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Figure 1.1: The rotation curve of M31 from [1] showing the unexpected flatness at large radii

forward. It was expected that the rotation curve would follow the Keplerian decline
at large radii as V (r) =

√
GM(r)/r where V (r) is the rotational velocity at radius

r, G is the gravitational constant and M(r) is the mass contained within radius r.
However this Keplerian decline of V (r) ∝ 1/

√
r was not observed. Instead, Rubin

and her team observed that the rotation curve of M31 was roughly flat, as seen in
Figure 1.1. This meant that the outer regions of the galaxy were rotating at roughly
the same speed as the inner regions. [1] One explanation of this observation is that
there is a large amount of unseen matter in these outer regions which would exert
a gravitational pull on the visible matter causing it to rotate faster.

In 1972 D. Rogstad and G. Shostak built on this work, extending the study to 5
galaxies. They observed the 21cm line emitted by neutral Hydrogen gas to map the
distribution and motion of Hydrogen gas in the galaxies out to large radii. They
observed that these rotation curves were also asymptotically flat out to very large
radii - beyond the bulk mass of luminous matter [12]. Many more papers were
published in the next decade, most notably that of Bosma as part of his Ph.D.
thesis [13] and additional studies carried out by Rubin et al. [14] which all came
to the same conclusions; asymptotically flat rotation curves out to large radii are
ubiquitous among disk galaxies.
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1.1.2 Evidence from galaxy clusters

It should be noted that these results were not accepted at first, in particular the
conclusions drawn from clusters which were displaying very large mass discrepancies
with dynamical mass-to-light ratios of the order of 100-1000. Later on, with the
advent of X-ray astronomy in the 1980s, it was discovered that galaxy clusters are
permeated by hot diffuse gas known as the intracluster medium (ICM). This gas
constitutes the bulk of the visible baryonic mass. In fact, in galaxy clusters, the
mass of gas and stars inside individual galaxies accounts for just about 10% of
the mass of the ICM. This lead to a major revision of the measured dynamical
mass-to-light ratios of galaxy clusters to a factor of 5-10.

Subsequently, gravitational lensing was put forward as a method to probe the
mass distribution in clusters. Gravitational lensing is a consequence of General
Relativity which posits that a massive object causes the fabric of space-time to curve
due to the object’s gravitational field. This causes propagation of electromagnetic
radiation to deflect from its original straight line path and instead to follow geodesics
on this curved surface. The angle of deflection is given by α = 4GM/bc2 where G is
the gravitational constant, M is the mass of the body, b is the impact parameter and
c is the speed of light. This means that the amount by which the light is deflected
is proportional to the mass of the body, making it advantageous in the study of
clusters. Due to their large mass, the deflection should also be large and therefore
easier to measure. The idealized scenario is where there is a galaxy directly behind
the cluster along the observer’s line of sight. In this case an Einstein ring is formed
where the light from the background galaxy is distorted by the cluster to form a
ring-like structure around the cluster. The distortion of light from galaxies can
be seen in Figure 1.2 where some of the galaxies are spread as arcs of light. The
angular radius of the Einstein ring θE is related to the mass of the cluster by

θE =

√
4GM

c2
DLS

DLDS

(1.1)

where DLS is the distance from lens to source, DL is the distance from observer to
lens and DS is the distance from observer to source[15]. This method was applied
to a number of clusters[16] which led to the conclusion that the luminous mass in
clusters was only a fraction of the total mass.
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Figure 1.2: The gravitational lensing in the cluster A2218 from Hubble Space Telescope imaging [2]. The cluster is
so massive that its gravitational field deflects the light passing through it, producing the arcs in the image. These
arcs are very distant galaxies to the cluster.

The Bullet Cluster

The most notable study employing this method is that of the colliding cluster
1E0657-558, also known as the Bullet Cluster. In the paper titled “A direct empiri-
cal proof of the existence of dark matter”, Clowe et al. [17] used X-ray observations
to determine the hot gas mass distribution as well as gravitational lensing to de-
termine the total mass distribution. They found that the two distributions are
offset, meaning the majority of the mass in the cluster is separated from the mass
in the ICM. In a particle dark matter scenario, this is expected because dark matter
is collisionless, meaning that the dark matter haloes of the two clusters will pass
through each other, similarly to the individual galaxies. However, the hot gas is
highly collisional, so the ICM remains in between the two colliding objects.

That being said, the Bullet cluster may not be a clear victory for ΛCDM as it
has been presented. The smaller cluster moving through the larger cluster created a
shock wave, with a very large velocity. It was estimated to be as high as 4740 km/s
or as low as 2700 km/s, but the velocity which best reproduces the data is 3100km/s
as seen in Mastropietro and Burkert [18]. The difference in these values is due to a
difference in the initial conditions of the velocities of the clusters. Lee and Komatsu
[19] attempted to determine how likely these kinds of high-velocity merging systems
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are in the ΛCDM paradigm. They used a large N-body cosmological simulation to
determine the distribution of velocities at which subclusters fall towards the main
clusters. They found that the existence of this system is incompatible in ΛCDM by
more than 99.91% confidence level at z = 0. Subsequent to the estimation of the
upper limit velocity of 4740 km/s, the mass of the main cluster was refined. With
this new information the probability of the clusters creating a shock wave with this
velocity decreased to 10−7. [20] [21]

1.1.3 Evidence from Cosmology

During these same years the field of Cosmology was developing fast. The first clear
connection between dark matter and Cosmology can be summarised by the opening
argument in Ostriker et al. [22] “There are reasons, increasing in number and quality,
to believe that the masses of ordinary galaxies may have been underestimated by a
factor of 10 or more. Since the mean density of the Universe is computed by
multiplying the observed number density of galaxies by the typical mass per galaxy,
the mean density of the Universe would have been underestimated by the same factor.”
This led to questions surrounding the formation of structure and the evolution of
the Universe.

To begin, the basis of Cosmology stands on the Cosmological Principle which
states that the Universe is homogeneous and isotropic. This has been proven to be
true on large scales through measurements of the Cosmic Microwave Background
(CMB). In Big Bang Cosmology, there was a time when the Universe consisted of
an opaque plasma of ionized primordial gas and photons constantly scattering. As
the Universe expanded and cooled, the electrons and protons combined to form
neutral Hydrogen which was no longer energy efficient in scattering the photons.
These photons did their “last scattering” and were then allowed to freely travel.
This relic radiation is what we measure today as the CMB. The CMB radiation
shows that the early Universe is indeed homogeneous and isotropic to a very good
approximation, in agreement with the Cosmological Principle.

Although the CMB emission is extremely uniform (2.73K everywhere), through
missions such as WMAP [3] and COBE [23], tiny fluctuations were measured of
the order 10−5K, as seen in Figure 1.3. Since the fluctuations are uniform across
the whole sky, they can be characterized by the CMB angular power spectrum,
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Figure 1.3: A heat map of the temperature fluctuations in the CMB. The redder spots are cooler than the blue
ones but the temperature difference is only±200µK , corresponding to density fluctuations of the order 10−5.
[3]

a description of how the amplitude of the temperature fluctuations varies as a
function of angular scale shown in Figure 1.4. The various scales are due to different
effects. On small scales the fluctuations are due to acoustic oscillations of the
primordial plasma; the fluid is stretched and compressed in a repeating cycle due
to the presence of local potential wells. When the photons decoupled from the fluid,
some were in the peaks of the fluctuations and some in the troughs, meaning they
emerged from the plasma with varying temperature.

On large scales the fluctuations are due to the early Sachs-Wolfe effect. This is
where the photons escape the gravitational well to travel towards us, losing energy
as they travel due to gravitational redshift. If a photon travelled out of a deep
potential well, then the photon will experience a larger redshift, and so will be
cooler in the CMB. The converse is true for small potential wells. Both of these
effects depend on the initial density perturbations that allowed for the formation
of early gravitational wells as well as dynamics of the photon-baryon fluid. This
means that the amount of baryons present at the time is crucial. If the Universe
were made only by baryons plus radiation at last scattering, we would expect a
“damped” power spectrum in which the relative height of the peaks progressively
decrease towards smaller angular scales or higher multipole moment l. This means
the first peak in the CMB power spectrum would be the higher than the second,
the second higher than the third, and so on. Instead we observe that the third peak
is higher than the second. In order to explain this ratio, we need an extra source of
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the gravitational potential wells that is displaced from the baryons. This has been
hypothesised to be provided by non-baryonic dark matter which is a new type of
particle beyond the standard model of particle physics.

Figure 1.4: The Angular Power Spectrum derived from the whole sky map from Bennett et al. [3]. The data along
with their error bars obtained from WMAP are in black and the red curve is the ΛCDM best‐fit model. The
shaded region is the smoothed binned cosmic variance. The y‐axis represents the temperature fluctuations, as
seen in Figure 1.3, with some scaling coefficients. The x‐axis displays the multipole moment which is inversely
related to the angular scale.

In addition, according to linear perturbation theory, the fluctuations can grow by,
at most, the ratio of the scale factor today to the scale factor at recombination. This
ratio is approximately a factor of 103, meaning the fluctuations would be of order
10−2 today. These fluctuations are too small to make the large scale structure (LSS)
that we observe today, together with galaxies, stars, planets and human beings. The
problem is that only at recombination with the formation of neutral Hydrogen did
baryons become charge neutral. Before this, due to electromagnetic forces, matter
could not have clustered together to form the necessary gravitational wells. In order
to explain the presence of the LSS, it is proposed that dark matter was present in the
very early universe and decoupled from the plasma well before the last scattering.
This would allow sufficient time for the dark matter to clump together to form the
deep potential wells for the baryonic matter to fall in to. It is hypothesised to be
non-baryonic matter because it must not interact with electromagnetic radiation,
in agreement with the dark matter inferred in galaxies and galaxy clusters. [24]
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There is a third argument based on the CMB properties, that points to a sub-
stantial fraction of missing mass-energy density in the Universe. Firstly, through
General Relativity we know that mass curves spacetime and the curvature of the
Universe is determined by the density parameter Ω, which is the energy density of
the Universe weighted by the critical energy density. This means a flat Universe
has Ω = 1. The location of the first peak of the CMB implies that Ω = 1, so the
Universe it flat. In general, a parameter X has a density ρX and a density parame-
ter ΩX = ρX/ρc where ρc is the critical density. The physical densities are therefore
proportional to ΩXh

2 and are usually quoted as such. From calculations in the
context of big bang nucleosynthesis, it is known that Ωb must be much smaller than
1 in order to produce the observed amounts of primordial Hydrogen, Deuterium,
Helium and Lithium. Thus, the bulk of the mass-energy of the Universe cannot be
in the form of baryonic matter. The baryonic matter density Ωbh

2 and the total
matter density Ωmh

2 can also be measured from the angular power spectrum from
WMAP and are found to be

Ωbh
2 = 0.02260± 0.00053 Ωmh

2 = 0.1334+0.0056
−0.0055 (1.2)

The first interesting thing to note about these measurements is the fact that there
is still a large amount of missing mass-energy to reach Ω = 1. This corresponds
to the so-called dark energy. If dark energy is simply a Cosmological constant Λ

whose contribution does not vary with cosmic time, then it is measured to be

ΩΛ = 0.728+0.015
−0.016 (1.3)

The Cosmological constant represents a uniform energy density that is found through-
out the Universe which acts as a repulsive force, causing the expansion of the Uni-
verse to accelerate, as observed using supernova type 1a. The nature of dark energy
is still not fully understood and is part of an active area of research. This thesis,
however, will focus on dark matter; baryons do not make up 100% of the total
observed matter, in fact they only make up approximately 15% by these estimates.
These estimates have been confirmed by later surveys such as Planck [25] and data
from the SDSS [26]
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1.1.4 Search for a dark matter particle

There have been many attempts to find a candidate for the dark matter particle.
Prime dark matter candidates are the hypothesised WIMPs (Weakly Interacting
Massive Particles) which were motivated by string theory and supersymmetry. An-
other candidate is the Axion which is motivated by the strong CP problem in
nuclear physics. After decades of searches, however, none of these particles have
been discovered.

Another constraint on the hypothetical particle is closely related to the CMB
fluctuations and the formation of the LSS. To form the observed LSS at z = 0 the
dark matter particle must be “cold”, meaning that the particle was non-relativistic
when it decoupled from the primordial plasma. This meant that the particle moved
slowly through the Universe, which allowed it form clumps through gravitational
interactions leading to the observed LSS. If the particle was “hot” meaning it was
relativistic when it decoupled, it would be moving too quickly preventing the for-
mation of small structures. Hot dark matter may still be an acceptable candidate
in combination with modified gravity theories, which would change the growth of
perturbations and therefore the formation of the LSS. A hot dark matter candidate
is a sterile neutrino with a mass of tens of eV, which is motivated by the observed
neutrino flavour oscillations. There are several more exotic candidates which fit
some of the requirements, but there has been no credible indication for any of them
so far. [27] [28]

1.2 A History of MOND

1.2.1 The basics of MOND

The pieces of evidence presented for dark matter up to this point implicitly as-
sume that standard gravitational physics, be it Newtonian or Einsteinian, holds
in all cases including the regime of interest here associated with galaxy clusters.
One theory that does not rely on these assumptions is that of MOdified Newto-
nian Dynamics (hereafter referred to as MOND) proposed by Mordehai Milgrom in
1983.[29] [30] [31] Milgrom posits that below a characteristic acceleration a0 there
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is a departure from the standard laws of gravity such that

gN = gµ
( g
a0

)
(1.4)

where gN is the Newtonian gravitational acceleration, g is the observed kinematic
acceleration and µ is an interpolating function given byµ

(
x = g

a0
≫ 1

)
≈ 1

µ
(
x = g

a0
≪ 1

)
≈ g

a0

The interpolating function has the characteristic such that for large accelerations
g/a0 ≫ 1, the Newtonian regime is restored. There is a well known family of
interpolating functions that satisfy this criteria given by

µ(x) =
x

(1 + xn)(1/n)
(1.5)

where n are positive integers. Common forms of the function include the n = 1 case
known as the simple function and n = 2 known as the standard function. Note that
the exact form of the interpolating function does not drastically change the results,
it only matters that it satisfies the criteria in the different limits. It is common to
apply the MOND formula in a slightly different way, by rearranging Equation 1.4
by making the transformation ν = µ−1

g = gNν
(gN
a0

)
(1.6)

where this inverse interpolating function ν has the propertiesν
(
gN
a0

≫ 1
)
≈ 1

ν
(
gN
a0

≪ 1
)
≈
(

gN
a0

)−1/2

The small acceleration regime of g/a0 ≪ 1 is known as the deep MOND limit
(DML) where the departure from standard physics occurs. The motivation behind
the DML is to require that the rotation curve of a finite galaxy becomes asymptoti-
cally flat as observed. This is immediately obtained from MOND if we consider the
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DML regime where
gN =

g2

a0
(1.7)

At large distances from a mass distribution, the monopole term dominates the
gravitational field gN so it can be expressed using Newton’s gravitational law

gN =
GM

r2
(1.8)

where M is the total mass of the object. If we assume the object moves in a circular
orbit, then g = v2/r and Equation 1.7 becomes

GM

r2
=

v4

r2a0
(1.9)

Remarkably the radial dependence disappears which gives the asymptotically flat
rotation curve as needed. This equation can be rewritten to give

v4 = GMa0 (1.10)

Note that this is occasionally written in the literature as v4 = MA0 , having
defined A0 = Ga0 for convenience. The DML originates from a generalized theory
of gravitational dynamics and so has constants G, a0 and masses. A spacetime
scale invariance is applied to the equations of motion meaning that the dynamical
evolution is invariant under (t, r) → λ(t, r) as λ → ∞. Since λ → ∞, this means
that the accelerations g scale as g → g/λ → 0, meaning the deep MOND limit
requirement of g ≪ a0 is satisfied. The constants of the theory are not affected by
the scaling but equivalently the DML can be achieved by only scaling the constants.

1.2.2 MOND as modified gravity

Up to this point, only the equations of motion have been considered. However
the more fundamental underlying action should be discussed. The Newtonian non-
relativistic action for a system of particles interacting with gravity is given by

S = Sϕ+SK+Sint = − 1

8πG

∫
d3r(∇⃗ϕ)2+

∑
i

1

2
mi

∫
dtv2i −

∫
d3rρ(r⃗)ϕ(r⃗) (1.11)
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This first term in the action Sϕ is associated with the gravitational potential ϕ,
the second is that of the kinetic energy of the individual particles of the system,
and the third represents the interaction term. If the Sϕ term is changed then the
gravitational law is changed and so the modified gravity theory is achieved in the
non-relativistic regime, as described in Bekenstein and Milgrom [32]. If instead the
SK term is modified, then the gravitational law is unchanged but Newton’s second
law is changed and we have the modified inertia theory, as described in Milgrom
[33]. If Sint are changed then both the gravity and inertia is changed.

I will now focus on the modified gravity theory of Bekenstein and Milgrom [32].
This was the first full fledged MOND theory and is often referred to as AQUAL
from AQUAdratic Lagrangian. The modification of the action would be of the form

Sϕ = − 1

8πG
a20

∫
d3rF

((∇⃗ϕ)2

a20

)
(1.12)

where F is a dimensionless function. If the Principle of Least Action is applied,
then we get an equation that is the non-linear generalization of the Newton–Poisson
equation

∇⃗ ·
[
µ

(
|∇ϕ|
a0

)
∇ϕ

]
= 4πGρ where µ(x) =

dF (x2)

dx
(1.13)

Since this is derived from an action, it can be demonstrated to satisfy all the nec-
essary conservation laws. This equation can be analytically solved given suitable
boundary conditions and high symmetry, i.e. spherical symmetry to yield Milgrom’s
law as seen in Equation 1.4

gN = gµ

(
g

a0

)
=

g2

a0
(1.14)

where g = ∇ϕ. It is now useful to point out that a modified-gravity theory in
the DML corresponds to a theory that is conformally invariant, meaning we can
derive useful analytic results, the first being a Virial relation. In general the Virial
theorem is given by the Virial V

V = −
∑
i

ri · F i (1.15)
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which can be rewritten using the fact that the force Fi is mi∇ϕ(ri)

V = −
∑
i

miri · r̈i (1.16)

and using the chain rule of differentiation gives

V = −1

2

d2

dt2

∑
i

mir
2
i +

∑
i

miṙ
2
i (1.17)

The second derivative term vanishes for systems that remain bound over a long
time and so the remaining term forces the Virial theorem to become

V = 2Ek = M < v2 > (1.18)

In order to get the explicit equation, I refer to Milgrom [34] where he defines the
Virial integral as

V = −
∫

d3rρr · g (1.19)

using the expression for the divergence of the stress energy tensor of the gravitational
field ∇⃗ · P = ρg

V = −
∫

d3rr · (∇⃗ · P ) (1.20)

and using a vector identity and the trace property of P

V = −
∫

d3r∇⃗ · (P · r) +
∫

d3rTr(P ) (1.21)

The full workings out can be found in Milgrom [34] but these integrals are given by

V =
2

3
M(MGa0)

1/2 +
1

4πG

∫
d3r[2νg2N − 3

2
a20Q] (1.22)

M here is the total mass of the system and Q is a parameter which in the DML is
independent of mass and size of the system and is of order unity. In the DML a20Q =

4/3νg2N and so the volume integral disappears, which gives the final expression for
the Virial theorem in MOND

V =
2

3
M(GMa0)

1/2 (1.23)
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or more formally, for any isolated DML system of point-like masses mi in a steady-
state equilibrium, the Virial equation is∑

i

ri · F i = −M(GMa0)
1/2Q (1.24)

with
Q =

2

3

(
1−

∑
i

q
2/3
i

)
and qi =

mi

M
(1.25)

As well as the Virial theorem, the expression for the two-body force can be
determined using the above equation, rewritten for clarity

−
∑
i

ri · F i =
2

3
(Ga0)

1/2
[(∑

i

mi

)3/2
−
∑
i

m
2/3
i

]
(1.26)

so it is clear from this that in the DML the two-body force for two masses m1, m2,
a distance r apart the force is

F (m1,m2, r) =
2

3

(Ga0)
1/2

r
[(m1 +m2)

3/2 −m
3/2
1 −m

3/2
2 ] (1.27)

1.2.3 MOND as modified inertia

The previous Section was considering MOND as modified gravity but equally we can
consider MOND as modified inertia which amounts to modifiying SK from equation
1.11. This must obey as a0 → 0, the action goes to the standard Newtonian action,
and for the DML as a0 → ∞ then the action must go as Sk ∝ a−1

0 to achieve the
asmyptotic flat rotation curves. The action must therefore change to be Sk[r⃗(t), a0],
i.e. a functional of the particle trajectory as well as a0 dependent. This can be done
by modifying the particle equation of motion such that a test particle of mass m

would experience a force F (t) given by

F (t) = mA[r(t), t, a0] (1.28)

where A is a functional of the full particle trajectory such that as A[(r(t), t, a0) →
0] → a and A[(r(t), t, a0) → ∞] → q[r(t), t] as required. If we apply this force to
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circular orbits the expression for the velocity curve is given by

v2

r
µ
( v2

ra0

)
=

dϕ

dr
(1.29)

ϕ is the Newtonian potential. In the DML this is

v4(r)

r2a0
= −dϕ

dr
(1.30)

which leads to the modified inertia Virial relation for disk galaxies

< v2 >2=
4

9
GMa0 (1.31)

Both the modified inertia and modified gravity formulations of MOND achieve the
asymptotic flat rotation curves through different means.

1.2.4 Significance of a0

It is clear that the constant a0 is integral to the outlined dynamics. The numerical
value has been determined by a number of independent methods which match theory
to data and they all turn out to be in good agreement with each other. The current
best value is

a0 = 1.2± 0.02 x 10−10ms−2 (1.32)

The first method that was used to determine a0 was fitting rotation curves, the
connection being clear from Equation 1.10 as outlined in Milgrom [30]. Further
investigations were made in fitting rotation curves keeping a0 as a fixed parameter
and as a free parameter, which both produced consistent results. [35][36]

Equation 1.10 for the velocity is clearly related to the Tully Fisher relation, which
relates the luminosity to the velocity by v4 ∝ L. Replacing M = ΥL in the velocity
equation, where Υ is the mass to light ratio, the Tully Fisher relation is obtained
v4 = GΥa0L ∝ L. It is one of the great successes of MOND that the Tully-
Fisher relation occurs naturally. In the ΛCDM context, the relation must emerge
empirically by fitting a straight line in logspace from log(Mb) = αlog(v) − log(β).
The slope α was best fit to be 4 which constrains the normalization β to be 1/Ga0,
where a0 is the MOND acceleration scale. This relation does not arise naturally
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through ΛCDM which predicts a slope of α = 3 and β = 10f 3
VGH0. fV is a

phenomenological parameter that is required to be approximately 1.3. Even using
this fV parameter, the values for α and β do not accurately fit the observed relation.

In Milgrom [30], a value for a0 was determined through this TF by using the ratio
(v4/L)/(M/L) from a sample of galaxies and it was found that a0 = 1.9x10−10ms−2

with a reported error of a factor of 2. In this same vein, Milgrom plotted log(M)

vs log(v) and in determining the intercept found a value of a0 to be 1.5x10−10ms−2

also with an uncertainty of a factor of 2. Modern, independent measurements of a0
give the consistent value of 1.2x10−10ms−2 with uncertainties of the order of 10-20%.
[37]

In addition to these astrophysical determinations of a0, there are also cosmological
connections or numerical coincidences. One of them is that a0 ≈ cH0 where c is
the speed of light and H0 is the Hubble constant today. The second cosmological
connection is a0 ≈ c(Λ/3)1/2 where Λ is the cosmological constant. This is relevant
because a theory gains greater credibility when its constants can be expressed in
relation to pre-existing constants. This further adds credibility because it indicates
that the internal dynamics of local systems could be related to the state of the
Universe as a whole and could be responding to these changes. Since it is related to
H0 which changes over time, perhaps a0 will change over time meaning the dynamics
and limits imposed by a0 will change. The relation to Λ however implies that a0

could be a veritable constant as Λ is not time dependent. Whatever the case may
be, this suggests that the cosmological acceleration parameters appear in the local
dynamics in systems much smaller than the Universe. [29] [30] [31] [38] [39] [40]
[41] [42] [43] [44] [45] [46]

1.2.5 External Field Effect

The Milgromian dynamics presented in the previous Sections were derived under
the assumption that galaxies and/or galaxy clusters are isolated systems and that
their environments had no effect on them. This is of course not true, there are
no completely isolated systems in the universe. In Newtonian dynamics, the inter-
nal dynamics of a system are independent of its surroundings or the external field
in which it resides. This is in fact a fundamental principle in General Relativity,
known as the Strong Equivalence Principle, which states that the outcome of any
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local experiment in a freely falling laboratory is independent of the velocity of the
laboratory and its location in spacetime. MOND however breaks this principle due
to its non-linearity. MOND is concerned with the total gravitational acceleration
with respect to some frame, meaning that MOND only comes into effect when both
the internal g and the external ge gravitational acceleration are less than the a0

threshold: ge < g < a0. Equation 1.4 is technically only correct in isolation. For
non-isolated systems, the so-called external field effect (EFE) should be taken into
account. In general, accounting for the EFE requires numerical 3D computations
that solve the modified Poisson equation of MOND. To a zeroth order approxima-
tion, the EFE can be analytically calculated considering a 1D equation in which
the accelerations are summed in modulus as if the acceleration vectors always have
the same direction. This gives the following equation

gN = gµ

(
g + ge
a0

)
+ ge

[
µ

(
g + ge
a0

)
− µ

(
ge
a0

)]
(1.33)

Analogous to Equation 1.6, this can be rearranged for g using the inverse of the
interpolating function ν

g = gNν

(
gN + gNe

a0

)
+ gNe

[
ν

(
gN + gNe

a0

)
− ν

(
gNe

a0

)]
(1.34)

In the above equations, g is the observed or internal gravitational acceleration, gN
is the Newtonian gravitational acceleration, ge is the MOND external gravitational
acceleration and gNe is the Newtonian external gravitational acceleration. gNe is
relatively easy to calculate because Newtonian gravity is linear, so one can consider
the gravitational field from N point masses (galaxies and/or galaxy clusters) in
the vicinity of a target of interest, then simply sum up the Newtonian gravitational
fields in a vectorial sense to obtain gNe. ge is more complicated to determine because
MOND is a non-linear theory.

1.3 Galaxy Clusters

Galaxy clusters are the largest virialized structures in the Universe. They reside at
the intersection of cosmology and astrophysics, making them exceptional research
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environments to examine theories associated with gravitational physics, as is the
case in this thesis. As pointed out in Sections 1.1.1 and 1.1.2, the history of dark
matter is closely related to galaxy clusters. In particular, it was through observa-
tions of the hot ICM that precise mass estimates were made, contributing to the
evidence for mass discrepancies in the Universe. The hot ICM contains ionized gas
and so the charged particles are accelerated and deflected by other charged parti-
cles, causing the particle to lose kinetic energy in the form of the bremsstrahlung
radiation emitting in the X-rays.

There is also the production of X-rays through inverse Compton scattering. This
occurs when a high-energy electron collides with a low-energy photon causing the
scattered photon to gain energy at the expense of the electron, which loses energy
resulting in the production of X-ray photons. This is the mechanism by which the
Sunyaev Zeldovich (SZ) effect operates. In particular the SZ effect is due to the high
energy electrons in the ICM interacting with CMB photons, causing them to gain
energy therefore shifting to higher frequencies. The magnitude of this distortion in
the CMB can be used to infer properties of the galaxy cluster. These intriguing
observations ignited a surge of curiosity in the field of galaxy cluster formation and
evolution.

The current theory on cluster formation starts from the fact that at very early
times, the Universe had quantum fluctuations which are modelled by fluctuations
in a fluid in a gravitational field. The fluctuations correspond to peaks and troughs
in the fluid which is the primordial density field. The fluctuations are described by
the density contrast field δ(x) as

δ(x) =
ρ(x)− ρm̄

ρm̄
(1.35)

where ρm is the average mass density in the Universe and ρ(x) is the density field
at point x. The density field is assumed to be a homogeneous and isotropic random
Gaussian field, which means it can be described by its power spectrum P (k) as a
function of the wavevector k and variance of σ2. This is described in Fourier space
for mathematical convenience. At early times, the growth of the fluctuations is
linear according to a power law of the form P (k) ∝ kα. As the fluctuations grew,
the gravitational potentials increased and started to accrete matter. As mentioned
in Section 1.1.3, it is theorised that dark matter decoupled first in order to form
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the necessary gravitational wells. These are referred to as dark matter halos. As
these halos formed, they began to merge with other halos to form massive halos
for the baryonic matter to fall into. With this, the Universe continued to evolve
until the gravitational interactions grew to a point where they could no longer be
described by the linear regime. There was then a transition to the non-linear regime,
which roughly corresponds to the formation of galaxies. These structures evolved
under the influence of gravity to merge and gradually assemble in larger structures,
known as galaxy clusters. This process is known as hierarchical structure forma-
tion; gravitational interactions amplify the fluctuations until small-scale structures
collapse to serve as seeds for larger structures to grow from. This is also known as
the bottom-up formation scenario where smaller structures lead to larger ones.

Figure 1.5: The result of a N‐body high‐resolution simulation dubbed the Millennium Simulation. The simulation
included N = 21603 particles, evolving from redshift z = 127 to now z = 0, in a cubic region with 500h−1 Mpc
sides. The image is largely homogeneous but there are filaments which surround large voids. The nodes of these
filaments are where the galaxy clusters reside. [4]

Filaments are formed as a result of hierarchical structure formation. These are
massive thread-like structures that connect galaxy clusters and superclusters form-
ing something known as the Cosmic Web, which ultimately defines the structure
of the Universe. A simulation of this structure can be seen in Figure 1.5. These
filaments formed the paths that matter would flow down toward the high gravita-
tional potential well. Matter continues to flow along the filaments causing them to
merge and accrete even more, leading to the growth and thickening of the filaments.
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It is along these filaments where the intercluster gas is contained, and it is at the
intersection of filaments where galaxy clusters form.

The majority of the baryonic matter is contained in the ICM in the form of diffuse
gas. With the exception of quasars, galaxy clusters are the most luminous X-ray
emitting extra galactic objects meaning that this gas is relatively easy to trace using
X-rays. The total baryonic content of the gas and the stellar component is directly
observable in clusters as outlined in Chapter 2. [47] [48] [49]

1.4 Aim and content of the thesis
The aim of this thesis is to investigate the dark matter problem using galaxy clusters,
the largest cosmological structures in the Universe. The two frameworks that are
discussed in this thesis are that of standard cosmology using Newtonian dynamics
and Milgromian dynamics (MOND). I test both of these theories by attempting
to model the observed gravitational acceleration measured from the clusters, and
comparing and contrasting the successes and failures of such models.

The thesis is organised as follows:

• Chapter 2 describes the data that are used in the thesis. Section 2.1 describes
the clusters that were chosen in the thesis. Section 2.2 outlines the collection
and analysis of the data that was performed in order to obtain the desired
observed gravitational acceleration to be used in the modelling. Section does
the same for the baryonic gravitational acceleration.

• Chapter 3 presents the models that were chosen to be studied under Newto-
nian dynamics. I outline the fitting procedures and all the parameters that
were used. In Section 3.7 I present the results of all the fits and discuss their
successes using the BIC. I further discuss the NFW and Einasto models in
the context of ΛCDM.

• Chapter 4 attempts to describe the observations in the context of Milgromian
dynamics. The Chapter opens by discovering that MOND still requires a
large amount of missing mass to reproduce observations. Through this in-
vestigation, the EFE as well as the presence of hydrostatic bias is discussed.
Some models are presented and fit to the data as before. The BIC is applied
to these models to determine the best fit. Some correlation tests were then
performed on the best fit data.
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• In Chapter 5 I discuss the results from Chapters 3 and 4 in the context of the
dark matter problem in general. I discuss the successes and problems with
both of the theories. I also discuss extensions to this thesis that could be
investigated in the future.
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2
Dataset - XCOP

2.1 The cluster sample

The data used in this thesis consists of 5 galaxy clusters. This data was obtained
as part of the XMM-Newton cluster outskirts project (X-COP), using the X-ray
Multi Mirror Mission (XMMNewton) X-ray telescope. The sample of clusters in
the X-COP project was selected based on a number of selection criteria. The most
fundamental one is a signal-to-noise (SNR) higher than 12 in the Sunyaev-Zeldovich
(SZ) from the Planck satellite. [50] This survey aimed to combine the X-ray and
SZ data in order to get a complete reconstruction of the clusters’ properties out to
large radii. The clusters were also required to have halo masses M500 > 3×1014M⊙,
redshift between 0.04-0.1, apparent size θ500 > 10 arcmin and column density of
NH < 1021cm−2 along the line-of-sight. These criteria yielded 15 clusters; however
3 were excluded due to complex morphologies, leaving 12 clusters. Of these 12,
5 were selected in this thesis (A644, A1795, A2029, A2142, A2319) because they
had additional measurements of the stellar mass distribution within the brightest
cluster galaxy (BCG) and the satellite galaxies. These components were then used
to compute the gravitational field from all the baryonic components: stars and gas
in galaxies plus the hot ICM gas. The majority (90%) of the baryonic component
consists of ICM gas while the remaining 10% is made of gas and stars in galaxies.
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The selection criteria of these 5 galaxy clusters are shown in Table 2.1. Two of these
clusters (A644 and A1795) are shown in Figure 2.1. These figures show composite
images of the X-ray and Optical data overlayed on each other.

Table 2.1: Cluster properties

Cluster z SNRSZ M500 [1014M⊙] θ500 [arcmin] NH [1020cm2]

A644 0.0704 17.3 7.55 16.82 7.5
A1795 0.0622 19.3 5.33 16.82 1.2
A2029 0.0766 23.2 8.36 16.08 3.2
A2142 0.090 28.4 8.51 13.92 3.8
A2319 0.0557 49.0 10.56 23.49 3.2

Figure 2.1: Clusters A644 (left) and A1795 (right). The data shown here is a mixture of X‐ray data taken from the
Chandra X‐ray Observatory and optical data from the Sloan Digital Sky Survey. The X‐ray data is shown in blue
which is overlayed on to optical data. [5]

2.2 Observed gravitational field
The SZ data is described by a unit-less Comptonization parameter y which provides
the integrated gas pressure Pgas along the line of sight l,

y =
σT

mec2

∫
l

Pgas(l)dl (2.1)
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where σT is the Thomson cross section, me the mass of the electron and c is the
speed of light. The 3D pressure profiles are determined by binning the y-profiles
and deprojecting them assuming spherical symmetry.

The observables in this dataset are therefore the electron pressure from the SZ
data, the X-ray surface brightness profiles (proxy for the hot gas density) and the
spectroscopic temperature from the X-ray data. From this data, the gas density, gas
temperature and gas pressure are directly obtained, which are all related according
to the ideal gas law given by

Pgas =
k

µmp

ρgasTgas (2.2)

It is assumed that the hot gas is in hydrostatic equilibrium, so that the pressure
gradient balances the gravitational attraction as

dPgas

dr
= −ρgasgobs (2.3)

where gobs is the observed gravitational acceleration. In spherical symmetry this
acceleration is given by GMtot/R

2 in a Newtonian context and gNν(gN/a0) in a
MOND context where gN = GMbar/R

2 is the Newtonian gravitational field sourced
only by the observed baryons.

It is common in the literature to estimate the total “dynamical” mass profiles as-
suming Newtonian dynamics. Eckert et al. [6] used 3 distinct methods to estimate
the mass profile; (i) parametric mass models - models which assumes a fixed func-
tional form and a fixed number of parameters, (ii) forward fitting with parametric
functions - a specific technique used to estimate the parameters of a parametric
model from observed data, and lastly (iii) a nonparametric log-normal mixture re-
construction - models that don’t make any assumptions about the data but only
relies on the data itself to produce a model. The data used in this study are the
non-parametric data in order to minimize assumptions.

To begin, the gas density profile is obtained from the 3D X-ray emissivity profile
ϵ. Emissivity is the measure of an object’s ability to emit energy, so it is a way of
mapping out the distribution of hot ionized gas in the ICM of the cluster because
it is proportional to the electron number density ϵ ∝ n2

e. The emissitivity can be
described as the linear combination of a large number NK of basis functions in the

43



form of King profiles Φk given by

ϵ(r) =

Nk∑
k=1

αkΦk(r) (2.4)

where the King function is given by

Φk(r) =

(
1 +

( r

rc,k

)2)−3βk

(2.5)

where r is the distance to the centre of the cluster, αk is the model coefficients, βk

characterizes the shape of the density distribution and rc,k is a scale factor known
as the core radius. Eckert et al. [6] set up a grid for a range of β and rc values
to provide a range of shapes for the surface brightness and at the same time the
αk coefficients are fit, providing a model for the observed surface brightness. The
King functions are convenient because they are monotonously decreasing, which is
the expected behavior of the emissitivity. Additionally it is advantageous to use
the King functions because one can write analytically the relationship between the
projected 2D profile and the deprojected 3D profile.

The observed temperature that is derived from the spectroscopic data is the
temperature integrated along the line of sight weighted by the local emissitivity,
which gives the expression

Tspec(r) =

∫
T3Dn

2
eT

−3/4
3D dl∫

n2
eT

−3/4
3D dl

(2.6)

The spectroscopic temperature profile is obtained by measuring the energy and
intensity of the X-rays at different wavelengths and comparing them to theoretical
models. For convenience, the intrinsic 3D temperature profile is described as a
linear combination of a large number Ng of log-normal functions

T3D(r) =

Ng∑
i=1

Gi
1√
2πσ2

i

exp
(

− [ln(r)− ln(µi)]
2

2σ2
i

)
(2.7)

Equation 2.4 for the emissitivity ϵ and Equation 2.7 are used in Equation 2.6 to fit
the measured Tspec profile and infer the parameters that describe T3D. The mean
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values {µi}Ng

i=1 and standard deviations {σi}Ng

i=1 of the Gaussians are set a priori
in order to decrease the number of parameters to fit. For large values of Ng the
model is essentially independent of µi and Ng, whereas the standard deviations
act as effective smoothing scales. Eckert et al. [6] used Ng = 200, values for µi

logarithmically spaced from the innermost to the outermost data points, and set
the values of σi to the width of the nearest spectroscopic annulus. Once these are
set, the model can be projected onto the line of sight and the normalizations {Gi}i=1

Ng

of the Gaussians can be fit to the spectroscopic X-ray temperatures and SZ pressure
profile combining Equations 2.2 and 2.1.

The observed gravitational potential can then be reconstructed by combining the
3D temperature and density profiles

gobs = − k

µmp

(
dT3D

dr
+

T3D

ρgas

dρgas
dr

)
(2.8)

where k is Boltzman’s constant, mp is the proton mass and µ is the mean atomic
weight of the plasma. The temperature T3D is obtained in Equation 2.7 and so the
temperature gradient is just the derivative of this equation given by

∂T3D

∂r
=

Ng∑
i=1

Gi
1√
2πσ3

i

exp
(

− [ln(r)− ln(µi)]
2

2σ2
i

)
ln(µi)− ln(r)

r
(2.9)

The gas density gradient can be computed analytically from Equation 2.4 given
the relation between emissitivity and gas density, so one has

∂ϵ

∂r
=

Nk∑
k=1

αk
∂Φk

∂r
(2.10)

The gobs data is used extensively in the fits in Chapters 2 and 3.

2.3 Baryonic gravitational field

The computation of gbar consists of the determination of the stellar gravitational
field g∗ and the gas gravitational field ggas. To obtain the stellar mass distributions,
data for the BCGs was obtained using r-band imaging. Eckert et al. [6] measured
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the surface brightness profile projected on the sky, which was then deprojected to
the true 3D mass density profile. This was done under the assumption of a constant
stellar mass-to-light ratio Υ∗, which was estimated from stellar kinematic data. The
BCG stellar kinematical models not only includes the stellar mass contribution but
they also contains a supermassive black hole and a DM halo, whose mass was
determined using weak lensing data, meaning the only fitting parameters were Υ∗

and the stellar velocity anisotropy βz. βz and Υ∗ were adjusted in the fit until the
BCG profile fit the observed spectroscopic data. This Υ∗ is then used to determine
the stellar mass enclosed in different radii. The errors on MDM and R200 from the
lensing data are the main source of errors in this measurement therefore the errors
on Υ∗ and βz were estimated by the 1σ errors on the lensing masses as well as a ±
10 % uncertainty for the concentration parameter. The uncertainties on the stellar
mass profiles are therefore constant with radius.

The other stellar mass component is contained in the satellite galaxies. u-, g-, r-
and i- band imaging was performed and the Υ∗ were obtained using spectral energy
distribution fitting. With the determination of the mass profiles, the acceleration
profiles of the stellar components are easily calculated using Newtonian dynamics,
so they are given by

gbar =
GMBCG

r2
+

GMsat

r2
(2.11)

The gravitational acceleration of the gas is computed assuming spherical symme-
try and integrating the gas density over the cluster volume

Mgas(< r) = 4π

∫ r

0

ρgas(r
′)r′2dr′ (2.12)

where ρgas is obtained from Equation 2.3. The total baryonic component is gbar =

gBCG + gsat + ggas. [6] [51] [52] [53]
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3
Newtonian Dynamics

In this Chapter I fit the data to models that assume standard Newtonian dynamics
along with a dark matter halo. I test a simple baryonic scaling model which assumes
that the distribution of mass follows the distribution of light, as well as 5 different
halo models. Pseudo-isothermal, Burkert and Lucky-13 are halo models motivated
by fitting rotation curves of disk galaxies. They have no Cosmological basis. The
other two models, NFW and Einasto, are motivated by N-body simulations of
structure formation in a ΛCDM cosmology.

The models as well as the fitting parameters are described below. In all the
models a common fitting parameter is the baryonic mass-to-light ratio Υbar which
is assumed to be radially constant throughout the cluster. This fitting parameter
accounts for uncertainties in the measured hot gas mass from the X-rays and the
stellar mass from surface photometry. In the DM halo models, a common parameter
is the scale radius rs which is a characteristic radius defined by the scale at which
the logarithmic slope of the density profile has value of −2. Naturally, there is a
corresponding scale volume density given by ρ(r = rs) = ρs.

In order to have direct comparison with ΛCDM cosmology, it is convenient to
express the two parameters ρs and rs in terms of the halo mass M200 and the halo
concentration C200 = R200/rs where R200 is the radius at which the density enclosed
within this radius is 200 times the critical density of the Universe. The critical
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density is defined using the first Friedmann equation

H2 =
8πGρ

3
− kc2

a2
(3.1)

where the flatness parameter k is set to zero making it a flat universe. Rearranging
Equation 3.1 gives the equation for the critical density

ρc =
3H2

8πG
= 2.7754× 1011h2M⊙Mpc−3 (3.2)

for H0 = 67.4 km/s/Mpc. Since the boundary of a halo is not well defined, the
mass is usually determined in terms of the critical density, such as M200 or any
other fixed fraction of the critical density. The halo mass is then given by M200 =

4/3πR3
200200ρc, along with the circular velocity V200 = 10C200rsH0. Lastly, for

convenience, most models use an adimensional parameter x = r/rs.

3.1 Bayesian fitting

The Bayesian approach of parameter estimation was used in this thesis, where a
degree of belief is assigned to the parameters in the model. In Bayesian statistics,
this degree of belief is quantified as a probability using Bayes’ theorem

P (x|D) =
P (D|x)P (x)

P (D)
(3.3)

where x are the parameters in question and D is the data. These expressions can
also be expressed by

posterior = likelihood × prior
evidence (3.4)

The posterior is the probability of the model parameters given the data, the likeli-
hood is the probability of observing the data given a set of model parameters, the
prior is any previous knowledge on the model parameters and the evidence is the
probability of the data. The evidence was not used in the fits as it only contributes
a normalization of the posterior and does not contribute any useful information.

The posterior distribution is usually difficult to determine analytically, so we
determine it numerically using Monte Carlo methods. This is an algorithm which
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uses random sampling to simulate probability distributions. The exact Monte Carlo
method used was a Markov chain Monte Carlo (MCMC), which is one in which
there is no memory of the previous step, so it only depends on the current one. The
starting points for these chains are very important because a poor starting point
will produce a poor representation of the data. The parameter space was explored
in logspace rather than linear space due to the large variations displayed in the data.
The starting point in logspace for Υbar was preliminarily set to 1, and allowed to
explore a large range of 0.25 dex in logspace or 58%. The starting points for the
other parameters were set to be very broad in the initialization and were ocasionally
adjusted after review of the plots of the convergence of the steps and the plots of
the marginalized posterior probability distributions (the so-called “corner plots”).

Υbar was assigned a lognormal prior because it is relatively well known what
this parameter should be and how it should behave. The other parameters were
assigned a uniform prior in order to not bias them by introducing strict probability
distributions. The corner plots can be found at the end of the Chapter in Section
3.9. The 1D and 2D projections of the posterior probabilities of the parameters are
displayed in the corner plots. The histograms on the diagonal are the 1D histograms
for each of the parameters, which are obtained by marginalizing over the others. The
solid red line in each represents the best fit value, along with the dashed lines on
either side representing the 16th and 84th quantile. The other panels display the
2D projections of the posterior probability distributions for every combination of
pairs of parameters. The red dot at the centre of the cross represents the best fit
value.

3.2 Baryonic Scaling
The simplest model consists of solely scaling up the baryonic matter component
to try to fit the observed acceleration. This involves only one free parameter; the
baryonic mass-to-light ratio Υbar. This scaling model would correspond to a galaxy
cluster where the DM closely follows the distribution of baryons, motivated by the
fact that baryonic scaling works reasonably well for disk galaxies as demonstrated
by Hoekstra et al. [54], Swaters et al. [55]. Intriguingly, as seen in Section 3.8.1,
this model can somewhat reproduce the observed acceleration and mass profiles
with only one free parameter.
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3.3 Pseudo-Isothermal Profile

The pseudo-isothermal profile (pISO) [56] is given by

ρpISO(r) =
ρs

1 + ( r
rs
)2

(3.5)

This has the property of having a constant density at small radii ρ(r → 0) → ρs

and so it is commonly dubbed a “cored” profile. The enclosed mass is determined
by integrating the density over the volume of a sphere of radius r, where the volume
of the sphere is divided into infinitesimal shells of thickness dr with a surface area
of 4πr2, so the integral is given by

MpISO(< r) =

∫ r

0

4πr′2
ρs

1 + ( r
′

rs
)2

dr′ (3.6)

= 4πρsr
3
s

( r′
rs

− arctan
( r′
rs

))∣∣∣r
0

(3.7)

= 4πρsr
3
s(x− arctan(x)) (3.8)

Rather than fitting the observed enclosed mass density profile as is common in
other cluster studies, it is preferred here to fit the observed acceleration profile
gobs. This means that gpISO is needed instead of the mass, which is calculated by
gpISO = V 2

pISO/r where the expected circular velocity of a test particle is given by

VpISO(r) =

√
GMpISO

r
(3.9)

=
√

4πρsr3s(x− arctan(x)) (3.10)

We want to express the circular velocity in terms of V200 as given by

V200 =

√
GM200

R200

(3.11)

=

√
4πρsr3s

(R200

rs
− arctan

(R200

rs

))
(3.12)

(3.13)
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By dividing both sides of Equation 3.10 by V200 and by using the definition of
C200 = R200/rs gives the final expression

VpISO(r) = V200

√√√√ 1− arctan(x)
x

1− arctan(C200)
C200

(3.14)

This has fitting parameters C200 and V200 but the desired parameters are M200 and
C200 which are related to the others by

V200 = (M20010GH(z))1/3 and rs = V200/(10C200H(z)) (3.15)

where:

G = 4.3x10−6 kpckm2s−2M−1
⊙ the gravitational constant in appropriate units

H(z) = H0(Ωm(1 + z)3 + ΩΛ)
1/2

H0 = 0.0674kms−1kpc−1 the Hubble constant in appropriate units

Ωm = ρm/ρc = 0.315 the matter density parameter

ΩΛ = ρΛ/ρc = 0.685 the dark energy density parameter

z : redshifts of the clusters

This gpISO profile is fit along with the baryonic component gbar to the gobs so the
last fitting parameter is the Υbar.

3.4 Burkert Profile
The same procedure is followed for the Burket profile [57] where the density profile
is given by

ρBurkert(r) =
ρs(

1 + r
rs

)(
1 +

(
r
rs

)2) (3.16)

and the enclosed mass is determined by performing the previous integral

MBurket(r) = 2πρsr
3
s

(1
2

ln(1 + x2) + ln(1 + x)− arctan(x)
)

(3.17)
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And the rotational velocity, in terms of V200 is

VBurkert(r) = V200
C200

x

√
1
2
ln(1 + x2) + ln(1 + x)− arctan(x)

1
2
ln(1 + C2

200) + ln(1 + C200)− arctan(C200)
(3.18)

3.5 Lucky13 Profile
The Lucky13 density profile [58] is given by

ρ130(r) =
ρs(

1 + r
rs

)3 (3.19)

with an enclosed mass of

M130(r) = 4πρsr
3
s

(
ln(1 + x) +

2

1 + x
− 1

2(1 + x)2 − 3
2

)
(3.20)

leading to an expected circular velocity of

V130(r) = V200

√√√√ C200

(
ln(1 + x) + 2

1+x
− 1

2(1+x)2
− 3

2

)
x
(
ln(1 + C200) +

2
1+C200

− 1
2(1+C200)2

− 3
2

) (3.21)

3.6 Navarro Frenk White Profile
The NFW density profile is one of the most common profiles used for dark matter
halos. [59] The density profile is given by

ρNFW (r) =
ρ0

r
rs

(
1 + r

rs

)2 (3.22)

This profile implies a steep density increase in the inner region of the halo where
r ≪ rs and ρ(r) ∝ r−1. Formally, the density diverges to infinity for r → 0, which is
commonly referred to as the “cusp”. As r → rs the density profile becomes shallower
and decreases as ∝ r−3. The enclosed mass profile is given by

MNFW (r) = 4πρsr
3
s

(
ln(1 + x)− x

1 + x

)
(3.23)
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leading to the rotational velocity of

VNFW (r) = V200

√√√√ C200(ln(1 + x)− x
1+x

)

x(ln(1 + C200 − C200

(1+C200)
)

(3.24)

3.7 Einasto Profile
The Einasto density profile [60] is similar to the NFW profile except that it has an
additional fitting parameter α which describes the inner slope of the profile. The
density profile is given by

ρEinasto(r) = ρsexp
[
− 2

α

([ r
rs

]α
− 1
)]

(3.25)

The Einasto profile has the property that as r → 0, ρ(r) ∝ constant and as r → ∞
ρ(r) ∝ 0. The shape of this transition is set by the parameter α. Typical values of
α for a galaxy cluster are 0.2 < α < 0.3, which are motivated by fitting simulated
DM halos in cosmological LCDM simulations. A value of α = 0.25 [61] is fixed in
the following fits for simplicity, so that the Einasto fits have the same number of
free parameters as the other halo models. This also makes it easier to compare the
models because Einasto and NFW profiles are quite different at the two extreme
radii, but on the scales of interest for galaxy clusters they are relatively similar for
α = 0.25. This value for α is applicable for z ≃ 0 which is the approximate redshift
of the clusters. The full α-redshift relation can be found in Dutton and Macciò [61].

The enclosed mass is given by

MEinasto(r) = 4πρsr
3
sexp

( 2
α

)( 2
α

)−3/α( 1
α

)
Γ
( 3
α
,
2

α
xα
)

(3.26)

where

Γ
( 3
α
,
2

α
xα
)
=

∫ 2
α
xα

0

t
3
α
−1e−tdt (3.27)

is the incomplete Gamma function. The rotational velocity is given by

VEinasto(r) = V200

√
C200Γ

(
3
α
, 2
α
xα
)

xΓ
(
3
α
, 2
α
Cα

200

) (3.28)
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3.8 Results
The best-fit results are presented as follows: for the baryonic scaling model a single
page shows all five galaxy clusters, while for the DM halo models each cluster has
a dedicated page that compares the various models. The baryonic scaling profiles
can be found in Figure 3.1 and the DM halo models in Figures 3.2 to 3.6. These
two approaches are distinguished, because it is more relevant to compare the DM
halo models to each other rather than to the baryonic scaling model. The rows of
the plots from top to bottom show the different halo models in the same order as
Sections 3.2 to 3.7, that is Psuedo Isothermal, Burkert, Lucky13, NFW and Einasto.
The first column is the fitted acceleration profile, the second is the enclosed mass
profile and the third is the corresponding circular velocity curve of a test particle.
These three columns present the same data and best-fit model in a slightly different
way. The first one, the acceleration, is the most physical because gobs is what is
actually measured by hydrostatic equilibrium. The second one, the enclosed mass,
is commonly used in the cluster literature, however we note that this quantity
is the “Newtonian dynamical mass” which may have no precise meaning in other
gravitational theories. The third one, the circular velocity, allows direct comparison
with the observed rotation curves of disk galaxies, in which the rotation speed is
a good proxy of the circular velocity of a test particle. The posterior probability
distributions from the MCMC fitting (“corner plots”) are included in an appendix
at the end of the Chapter. The results of the best fit parameters are displayed in
Table 3.1.
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Table 3.1: The best fit model parameters from the MCMC parameter estimation procedure. These values are quoted in base 10 logarithm
withM200 in Solar mass units

pISO Burkert Lucky13 NFW Einasto

A644 log(Υbar) 0 ± 0.1 0 ± 0.1 0 ± 0.1 -0.1 ± 0.09 0 ± 0.1
log(M200) 15.08 ± 0.01 14.77 ± 0.01 14.90 ± 0.1 14.97 ± 0.02 14.90 ± 0.01
log(C200) 1.48 ± 0.02 0.41 ± 0.01 1.07 ± 0.01 0.67 +0.01

−0.02 0.66 ± 0.01

A1795 log(Υbar) 0 ± 0.1 0 ± 0.1 0 ± 0.1 0.02 ± 0.09 0 ± 0.1
log(M200) 14.82 ± 0.01 14.50 ± 0.02 14.62 ± 0.01 14.70 ± 0.02 14.69 ± 0.02
log(C200) 1.58 ± 0.02 0.43 ± 0.01 1.12 ± 0.01 0.71 +0.01

−0.02 0.70 ± 0.01

A2029 log(Υbar) 0 ± 0.1 0 ± 0.1 0 ± 0.1 0.13 ± 0.07 0 ± 0.1
log(M200) 15.00 ± 0.01 14.73 ± 0.02 14.81 ± 0.01 14.89 +0.02

−0.03 14.90 ± 0.02
log(C200) 1.57 ± 0.01 0.40 ± 0.01 1.11 ± 0.01 0.65 ± 0.02 0.67 ± 0.01

A2142 log(Υbar) 0 ± 0.1 0 ± 0.1 0 ± 0.1 0.22 +0.07
−0.08 0 ± 0.1

log(M200) 15.06 ± 0.02 14.94 ± 0.03 14.94 ± 0.02 15.01 ± 0.04 15.05 ± 0.03
log(C200) 1.31 ± 0.02 0.25 ± 0.01 1.31 ± 0.02 0.39 +0.03

−0.04 0.44 ± 0.02

A2319 log(Υbar) 0 ± 0.1 0 ± 0.1 0 ± 0.1 -0.37 ± 0.07 0 ± 0.1
log(M200) 15.13 ± 0.01 14.91 ± 0.01 15.00 ± 0.01 15.10 ± 0.01 15.04 ± 0.01
log(C200) 1.33 ± 0.01 0.31 ± 0.01 0.95 ± 0.1 0.54 ± 0.01 0.52 ± 0.01
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Figure 3.1: The baryonic scaling profiles. The green data points are the gobs data, the red line is the gbar data and
the black line is the scaled gbar data.



Figure 3.2: The A644 profiles. The green data points are the gobs data, the red line is the gbar data, the blue
line is the halo gravitational acceleration profile only and the black line is the halo profile fit with the baryonic
component



Figure 3.3: The A1795 profiles. The green data points are the gobs data, the red line is the gbar data, the blue
line is the halo gravitational acceleration profile only and the black line is the halo profile fit with the baryonic
component



Figure 3.4: The A2029 profiles. The green data points are the gobs data, the red line is the gbar data, the blue
line is the halo gravitational acceleration profile only and the black line is the halo profile fit with the baryonic
component



Figure 3.5: The A2142 profiles. The green data points are the gobs data, the red line is the gbar data, the blue
line is the halo gravitational acceleration profile only and the black line is the halo profile fit with the baryonic
component



Figure 3.6: The A2319 profiles. The green data points are the gobs data, the red line is the gbar data, the blue
line is the halo gravitational acceleration profile only and the black line is the halo profile fit with the baryonic
component



3.8.1 Baryonic scaling
Figure 3.1 presents the results from the baryonic scaling model. Surprisingly, this
simple model with only one free parameter provides a decent representation for most
clusters. It is immediately apparent that some clusters are fit worse than others
by this scaling, such as A644 and A2319. A more quantitative comparison on the
effectiveness of the fits is discussed in the next Section. The Υbar value required for
the scaling is reported in Table 3.2. It is unphysical to have values of Υbar as large
as 5-10. However this simple exercise tells us that there is a correlation between the
baryonic matter and the total mass. This could mean that the additional matter
has a somewhat similar distribution as the baryonic matter.

There have been studies of spiral galaxies where their baryonic components, the
HI gas and stellar discs, were arbitrarily scaled up to fit the observed rotation curve,
providing relatively good fits. To explain these results it was proposed that there
could be DM in the form of “dark” molecular gas distributed in a similar way as the
HI component. However, this type of explanation is inconsistent with cosmological
evidence for DM and would lead to serious problems with disk stability. [62] It
has also been suggested that since the profiles of the baryonic components peak at
different radii, perhaps the combination of these profiles produce the flat rotation
curve almost by coincidence. [63] This scaling of total matter to baryonic matter
has not been studied for clusters, but it is interesting that it seems to somewhat
work on both galaxies and clusters scales, pointing to the fact that there could be
some matter missing in the from of baryons. It is also possible that the underlying
physics is incorrect as discussed in Chapter 4.

Table 3.2: The best fit baryonic scalingΥbar values in log and linear scale

Cluster log10(Υ) Υ

A644 0.901+0.00387
−0.00389 7.963+1.009

−0.991

A1795 1.001+0.00520
−0.00527 10.023+1.012

−0.988

A2029 0.859+0.00280
−0.00283 7.228+1.006

−0.994

A2142 0.770+0.00379
−0.00379 5.888+1.009

−0.991

A2319 0.793+0.00578
−0.00590 6.209+1.013

−0.987

3.8.2 Dark matter halos
Qualitatively, it is clear that some models provide better fits than others. It can
be seen in the corner plots in Section 3.9, all of the 1D histograms are very close
to Gaussians, meaning that the best-fit parameters are well determined. The same

62



can be said for the 2D distributions as they are mostly circular, except for some
correlation between mass and concentration, which presents as a slightly skewed
distribution rather than circular. This is to be expected as these two parameters
are slightly degenerate and are closely related.

In general, if we look at the gravitational acceleration profile, there is a trend
where the pseudo-isothermal profile and the Lucky-13 fits the inner radii well and
not as well the outer radii, for example in cluster A2319. NFW, Einasto and Burkert
on the otherhand do not fit the inner or outer radii well, but the intermediate regions
of the profile do align with the data points. A more quantitative description of the
fitting quality is provided in the next Section.

3.8.3 Model Comparison
The Bayesian Information Criterion (BIC) is a tool used in model comparison and
selection. The model that is preferred by the BIC corresponds to the model that
best describes the data. The BIC is based on the log-likelihood and so it does not
require precise priors, which is advantageous to some Bayesian modelling where the
priors are difficult to set or unknown. The BIC is given by

BIC = k log(n)− 2log(L) (3.29)

where k is the number of parameters in the model, n is the size of the data set and L
is the maximum likelihood. The log-likelihood is calculated using the residuals and
standard deviation of the residuals, which are then used in probability distribution
function. In this case, the function used is the log probability density function of
a normal distribution, which represents the likelihood of observing each residual
value assuming a normal distribution with the determined standard deviation. The
BIC values for all the clusters and models are included in Table 3.3.

Table 3.3: The BIC values of the various models

Cluster Bary. scaling pISO Burkert Lucky13 NFW Einasto

A644 -818.901 -871.156 -867.518 -881.793 -849.792 -850.241
A1795 -916.646 -997.953 -970.218 -974.075 -995.547 -997.904
A2029 -937.825 -1023.906 -1001.076 -1011.908 -1007.909 -1015.248
A2142 -856.392 -877.590 -888.350 -877.528 -903.186 -891.138
A2319 -1175.567 -1271.152 -1271.439 -1285.22 -1253.668 -1241.997

We can compare the individual models on a cluster by cluster basis as seen in Table
3.3, or on average in Table 3.4. A more favorable model will have the smallest
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Table 3.4: The average BIC values by model

Model Average BIC

Baryonic scaling -941.066
pISO -1008.351

Burkert -999.720
Lucky13 -1006.105

NFW -1002.020
Einasto -999.306

BIC and since these values are all negative the best fit model will have the largest
negative number. This means that the best model was the pseudo-isothermal profile,
followed by Lucky13, NFW, Burkert, Einasto and lastly is the baryonic scaling.
It is clear even by eye that the baryonic scaling is the worst of the models, but
as described in the previous section it is more intriguing that it can provide a
reasonable fit. To compare the other 5 models we can use the table from Neath and
Cavanaugh [64] because the BIC numbers are arbitrary on their own. If there are
two models to compare M1 and M2 and their BICs are calculated to be B1 and B2,
the difference is ∆12 = B1 −B2 and this difference is quantified in Table 3.5.

Table 3.5: Strength of evidence by difference in BIC

∆12 Evidence to favor M2 over M1

0-2 Inconclusive
2-6 Positive
6-10 Strong
>10 Very strong

From Table 3.4 it is clear that all five of the halo models have very strong evidence
for being better than the baryonic scaling model. According to Table 3.5, moreover,
there is strong evidence that the pseudo-isothermal profile is a better model for
the data than the Burkert, NFW and Einasto profiles, but the same cannot be
said for the Lucky13, profile where there is just about positive evidence for the
pseudo-isothermal profile being better than Lucky13. Thus, cored halo profiles
such as pseudo-isothermal or Lucky-13 are strongly favoured with respect to the
cuspy profiles such as NFW and Einasto.

This result is analogous to the long-standing “cusp-core problem” in galaxies.
Cosmological simulations in ΛCDM have predicted the “cuspy” profiles. In reality,
it seems that rotation curves of galaxies are better fit by the cored profiles. This
is still a long-standing problem in the standard ΛCDM paradigm that has yet to
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be solved, although there has been some suggestions put forward. The results from
these fits suggest that clusters also prefer the cored profiles suggesting that the
cusp-core problem may not be limited to the “small-scales” of galaxies but may
apply to the largest scales of galaxy clusters. [65]

It is also relevant to compare the overall shape of each of the profiles of the
clusters to each other. Some clusters have smooth profiles whereas some of them
have irregularities. This makes model comparison slightly more complicated because
some profiles will fit the anomalies in some of the data better, but these shapes may
or may not be representative of clusters’ equilibrium gravitational potential due to,
for example, deviation from hydrostatic equilibrium. It would also be advantageous
to have a larger number of clusters so that the anomalies would become clearer and
would not skew the results as much.

3.8.4 Comparison with ΛCDM scaling relations
The NFW and Einasto profiles are motivated by cosmological simulations of struc-
ture formation in ΛCDM. [61] In addition to predicting the halo density profiles,
these simulations also predict a tight scaling relation between the halo mass and the
halo concentration. It is therefore important to check whether the best fit M200 and
C200 parameters of the clusters lie on the predicted mass-concentration relation.

This relationship links the halo mass M200 to the concentration index C200, as
defined in the opening of Section 3. In Dutton and Macciò [61] the authors fit
NFW and Einasto halos separately over 5 decades of masses, from dwarf galaxies to
massive clusters, as well as a wide range of redshifts from 0 < z < 5, and determined
a concentration-mass relation. The general relation is given by

log10C = a+ blog10

( M

1012h−1M⊙

)
(3.30)

The best fit slope and intercept for NFW was determined to be

b = −0.101 + 0.025z (3.31)

a = 0.520 + (0.905− 0.520)exp(−0.617z1.21) (3.32)

and for Einasto
b = −0.130 + 0.029z (3.33)

a = 0.459 + (0.977− 0.459)exp(−0.490z1.303) (3.34)

This relation is plotted in Figure 3.7 for z = 0, where the shaded grey regions
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Figure 3.7: The mass‐concentration relation shown in logscale. This relation is shown in black and the grey bands
represent 1σ, 2σ and 3σ

Figure 3.8: A comparison of the values obtained in this work for the NFW mass‐concentration relation to those
found in Eckert et al. [6]. The dotted line is the 1:1 line.

correspond to 1σ, 2σ and 3σ. All of the data points except for A2142 lie within 1σ,
which lead to the conclusion that they are consistent with the ΛCDM paradigm.
Moreover, as expected, the observed points scatter above and below the predicted
relations, indicating that there is no significant systematics. The fact that the
Einasto data points have slightly less scatter could point to the fact that Einasto
is a better description of the clusters, but no strong conclusions can be made from
this plot alone.

In Figure 3.8 the masses and concentrations determined in this study are com-
pared to those found in Eckert et al. [6] who have only provided NFW fits. The
values found in this study are generally in good agreement but systematically smaller
than those in Eckert et al. [6].

The values that they quote are determined with a forward parametric model

66



fitted directly to the X-ray observables, whereas the values determined in this work
used the non-parametric approach. The non-parametric data was used in this study
because there are no predefined functional forms imposed on the data which could
perhaps lead to more accurate estimates. There is also more flexibility in the non-
parametric approach because there is no limit to the specific functional form and
associated parameters that there is in the parametric method. Parametric models
can also be more sensitive to outliers or anomalies in the data. In general, the two
methods are consistent with each other, but due to their different formulation they
may lead to slightly different results as is the case here.

Moster et al. [66] studied the connection between the dark matter halo of a
galaxy and its stellar mass using the abundance-matching approach. In order to
compare the two, the stellar-to-halo mass (SHM) ratio is determined. They adopt
a parametrization derived from Yang et al. [67], which was originally derived as
a mass-luminosity relation and extended to the SHM in Moster et al. [68]. The
resulting relation is of the form

m

M
= 2N

(M

M1

)−β

+

(
M

M1

)γ
−1

(3.35)

which has four free parameters. N is the value of the SHM ratio at a characteristic
mass M1. β and γ are the slopes which determine the behaviour at the low mass
end for M ≪ M1, SHM ∝ M−β, and for the high mass end M ≫ M1, SHM ∝ Mγ.
This means that the SHM is not constant, but it increases with increasing mass,
peaks and then decreases. The full expressions for M , N , β and γ can be found in
Moster et al. [66].

Figure 3.9: The stellar‐to‐halo mass relation shown in logscale in black. The grey bands represent 1σ and 3σ
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Since the redshifts of the sampled clusters are < 0.1, the redshift was set to zero
in the equations for simplicity. The results are shown in Figure 3.9. The shaded
regions correspond to 1σ and 3σ. In Figure 3.9 all of the stellar masses lie well
above the relation, indicating that the relationship between stellar mass and halo
mass does not hold for these clusters. This presents another problem for the ΛCDM
because this relation should be universally held.

3.8.5 Hydrostatic bias
During the MOND analysis in the next Chapter, it is proposed that the hydrostatic
equilibrium assumption may not be reliable beyond 1 Mpc. There is a possibility
that there is some amount of hydrostatic bias in the outskirts in the clusters, the
reasons for which are discussed in Section 4.2. The fits in Chapter 4 are made
using the data up to 1 Mpc. In order to compare the models, the fits in this
Chapter are reproduced using the data up to 1 Mpc. The new BIC values were
calculated for these fits and are included in Table 3.6, along with the averaged BIC
values per model in Table 3.7. Recall that using the full data set that the pseudo-
isothermal profile and the Lucky-13 fit the inner radii well, and not as well the
outer radii. NFW, Einasto and Burkert do not fit the inner or outer radii well, but
the intermediate regions of the profile does align with the data points. It therefore
makes sense that once the outer points were removed, the pISO and Lucky13 profiles
were the smallest BIC values, and that the other 3 did not improve so much as to
be a better fit.

Table 3.6: The BIC values for the fits performed with data < 1 Mpc for the Newtonian models

Cluster Bary. scaling pISO Burkert Lucky13 NFW Einasto

A644 -641.391 -699.047 -681.369 -701.736 -672.86 -675.073
A1795 -646.595 -706.03 -688.968 -689.626 -704.016 -705.83
A2029 -630.906 -692.634 -679.485 -686.162 -680.291 -685.433
A2142 -548.537 -563.903 -572.228 -564.713 -579.633 -572.697
A2319 -812.549 -898.133 -898.08 -897.779 -897.928 -900.248

Table 3.7: Average BIC values for data < 1 Mpc by model

Model Average BIC

Baryonic scaling -655.995
pISO -711.949

Burkert -704.026
Lucky13 -708.003

NFW -706.945
Einasto -707.856
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3.9 Corner Plots

Figure 3.10: The Corner plots for A644. The best fit value is represented as a red dot at the centre of the cross on the
2D projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior prob‐
abilities. The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side
representing the 16th and 84th quantile.
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Figure 3.11: The Corner plots for A1795. The best fit value is represented as a red dot at the centre of the cross on the
2D projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior prob‐
abilities. The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side
representing the 16th and 84th quantile.
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Figure 3.12: The Corner plots for A2029. The best fit value is represented as a red dot at the centre of the cross on the
2D projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior prob‐
abilities. The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side
representing the 16th and 84th quantile.
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Figure 3.13: The Corner plots for A2142. The best fit value is represented as a red dot at the centre of the cross on the
2D projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior prob‐
abilities. The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side
representing the 16th and 84th quantile.
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Figure 3.14: The Corner plots for A2319. The best fit value is represented as a red dot at the centre of the cross on the
2D projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior prob‐
abilities. The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side
representing the 16th and 84th quantile.
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4
Milgromian Dynamics

In this Chapter I discuss galaxy clusters in the context of Milgromian dynamics to
investigate whether this paradigm can explain the observed acceleration profiles of
galaxy clusters. I firstly lay out models with constant M/L in Section 4.1, which
imply the need for additional missing mass in galaxy clusters with a different distri-
bution than the observed baryonic mass. Next I constrain the distribution of such
a missing mass component using a direct subtraction approach in Section 4.2, as
well as an MCMC fitting approach in Section 4.3.

4.1 MOND fits with constant M/L

Similarly to Section 3.2, using the Newtonian dynamics approach, the total grav-
itational acceleration was fit by scaling up the baryonic component using MOND
dynamics. Since this involves fitting the observed gravitational acceleration, Equa-
tion 1.6 is used. As stated in Section 1.2.1, the explicit form of the interpolating
function does not hugely affect the results. The n = 1 interpolation function was
chosen, which results in

g = gN
1 + (1 + 4y−1)1/2

2
(4.1)

where y = gN/a0. Here, the only contribution to gN is the baryonic gravitational
acceleration from galaxies and the ICM, which is scaled by the free parameter Υbar.
Similarly to the previous Chapter, this was set to 0 in logspace and allowed to
explore a large range of 0.25 dex or approximately 58%. Figure 4.1 shows the
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results of the fit. The first column contains the acceleration profile, the second
column contains the mass profile and the third column contains the rotation curve.
The rows are the individual clusters. The best fit Υbar values are given in Table
4.1. These values indicate that in the context of MOND, in order to reproduce the
observations, there must be approximately 3-5 times more matter than observed.
In addition, the fact that the acceleration profiles are not well fit with a constant
baryonic mass-to-light ratio imply that the missing mass must have a somewhat
different distribution than the visible baryons.

This is quite a different situation to the results of the baryonic scaling using
Newtonian dynamics. The most important difference is the magnitudes of Υbar

because the MOND values are approximately a factor of 2 smaller. This is a success
for MOND, as the theory attempts to minimize the amount of missing mass required.
However, the values of Υbar are still too large to be ascribed to uncertainties in
the ICM mass, which dominated the baryonic mass budget. There is still a need
for additional mass in MOND for galaxy clusters. This result is consistent with
investigations carried out in the past. [69] For example, it has been proposed that
this “missing mass” may be in the form of undetected baryons, such as cold and
compact gas clouds pressure-confined by the ICM (Milgrom [70]), or sterile neutrinos
with a mass of about 11eV (Angus [71]). The fact that the acceleration profiles are
not well fitted by simply scaling up the baryonic component means that the missing
mass must have a different distribution than the visible baryons, as is investigated
in the next Section.

Table 4.1: The best fit baryonic scalingΥbar values in the context of MOND in log and linear scale

Cluster log10(Υbar) Υbar

A644 0.684+0.00807
−0.00817 4.826+1.0188

−0.981

A1795 0.628+0.00577
−0.00582 4.244+1.0134

−0.987

A2029 0.551+0.00532
−0.00531 3.558+1.0123

−0.988

A2142 0.505+0.00852
−0.00867 3.201+1.0198

−0.980

A2319 0.529+0.00431
−0.00437 3.800+1.00997

−0.990
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Figure 4.1: The baryonic scaling profiles in the context of MOND. The green data points are the gobs data, the red
line is the gbar data and the black line is the scaled gbar data.



4.2 MOND missing mass profiles
In order to determine the magnitude and profile of this additional missing mass, it
is useful to recall the general form of the MOND equation

gN = gµ
( g

a0

)
(4.2)

A first step in trying to determine the profile of the unknown or missing mass com-
ponent can be done rearranging this equation to solve for gmm (for the Newtonian
grvaitational field of the missing mass) starting from

gN = gbar + gmm = gobsµ
(gobs
a0

)
, (4.3)

then we have the following expression for gmm

gmm = gobsµ
(gobs
a0

)
− gbar, (4.4)

which is related to the mass distribution of this missing mass by the usual Newtonian
gravitational acceleration equation

gmm =
GMmm(r)

r2
. (4.5)

The resulting mass profile is shown in Figure 4.2. The figures on the left are in linear
scale and the figures on the right are in log scale. The different symbols indicate
data from X-ray observations as blue circles and data from SZ observations as red
triangles. It is immediately clear that there is an issue here because the mass profiles
start to decrease after a certain radius and actually become negative in several cases.
Taking the data at face value, this would point to MOND not being a viable theory.
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Figure 4.2: The resulting “missing mass” profiles from subtracting the baryonic gravitational acceleration gbar
from the observed gravitational acceleration gobs in a MOND context. The plots on the left are in linear scale
and the plots on the right are in log scale. The blue circles are from the X‐ray observations and data from SZ
observations are shown as red triangles



However, Equation 4.3 assumes that these clusters are isolated systems and that
their environments had no effect on them i.e. the external field effect was not
considered. Using Equation 1.32 for the external field effect

gN = gmm + gbar = gobsµ

(
gobs + ge

a0

)
+ ge

[
µ

(
gobs + ge

a0

)
− µ

(
ge
a0

)]
(4.6)

we can again solve for gmm. The simple function with n = 1 was used and the
external field was fixed to be 10%, 30%, 50% and 100% of the acceleration a0.
Using large galaxy surveys, the MOND external gravitational field due to the large-
scale distribution of mass in the nearby Universe is computed to be of the order of
10%a0. [72] [73] It is interesting, however, to consider higher values of ge for two
reasons: (i) galaxy clusters live in the highest density regions of the Universe, so
the surrounding EFE may be higher than the average one, (ii) there are MOND
theories in which the EFE is effectively given by several times the instantaneous
value of ge, so that Equation 4.6 with a higher value of ge may provide some effective
approximation for such theories. In Figure 4.3, the mass profile with no EFE is also
shown in black. The left column contains the mass profiles in a linear scale and the
right column displays the mass profiles in a log scale. The X-ray data in circles is
still distinguished from the SZ in triangles.

In the cases of A644, A1795 and A2029 we can see that the mass profile with
gext = 0 are negative and applying an external field of 10% (in red) is enough to
make the profiles positive, albeit they are still decreasing. A2142 does not have a
negative mass for gext = 0 and the 10% case is enough to make the profile much
flatter. The 10% case for A2319 is not enough to make this profile positive but the
30% case does. The 30% case hugely improves the profiles for A2142, A2029 and
A1795. A644 and A2319 however still have slightly decreasing mass profiles even
for the extreme case of gext = a0. There is a saturation effect above the extreme
case of gext = a0 where there is little to no variation in the mass profiles. Changing
n of the interpolating function has little effect also, as expected. This means that
for A644 and A2319 the external field effect cannot solve the issue of the decreasing
mass profile, but it is successful for the others.

Eckert et al. [6] also found similar decreasing mass profiles in a MOND context
but they did not consider the external field effect. They instead discussed the
issue of hydrostatic bias. The observed acceleration profiles were obtained under
the assumption that the cluster is in hydrostatic equilibrium with the gravitational
potential, however this may not be a sound assumption in the outskirts. There
could be problems with the assumptions made about the pressure support because of
possible bulk motions of the gas; if the gas is moving rapidly, it can create additional
pressure that was not accounted for. Closely related to this, if the motion of the
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gas is turbulent, then the turbulence will cause additional pressure support. Galaxy
clusters are also complex structures which are not completely smooth and uniform.
They contain clumps of gas which would again alter the pressure and density profiles.
There may also be mergers starting to occur in the outskirts. These possible effects,
among others, may cause the HSE assumption to be invalid.

Eckert et al. [6] determined that the mass estimates from hydrostatic equilibrium
at large radii (R>1 Mpc) are most likely underestimated because they could com-
pare this data with mass estimates from weak lensing as determined by Herbonnet
et al. [74]. Eckert et al. [6] estimated that the HSE assumption was not applicable
beyond R500. The calculated values for R500 can be found in Table 2 in Eckert et al.
[6] and correspond approximately to 1 Mpc. Referring to Figure 4.2, the decrease
in the mass profiles only occurs >1 Mpc, so if this data is indeed biased then there
may be no issue with the MOND theory. It is also important to note that there has
been extensive investigations into A2319 due to its odd behaviour as seen in Ghirar-
dini et al. [75]. They posit that the cluster is undergoing a merger which is causing
clumpiness in the gas and could drive the cluster out of dynamical equilbrium.

In addition to the data potentially being biased for R > 1Mpc, it is pertinent to
recall the fact that the data is made up of X-ray and SZ data. With reference to
Figure 4.2, it is clear in the linear plots that the data beyond 1 Mpc mostly consists
of the SZ data. It seems that discounting the SZ data and assuming that there is a
hydrostatic bias beyond 1 Mpc is one and the same. In the following Section, we will
directly fit different missing mass profiles to the observed accelerations excluding
data at R>1 Mpc. Then we quantify the maximum amount of hydrostatic bias that
is needed in a MOND scenario with no EFE.
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Figure 4.3: The external field effect applied to the missing mass profiles. The black line represents the original
mass profile with no external field effect, the red line represents an external field of 0.1a0, the blue line repre‐
sents gext = 0.3a0, the yellow line represents gext = 0.5a0 and the green line represents gext = a0. The
plots on the left are in linear scale and the plots on the right are in log scale. The X‐ray data is still represented by
circles and the SZ data by triangles.



4.3 MOND fits with a missing mass component

This Section attempts to fit the observed acceleration profiles with MOND by explic-
itly modelling the missing mass component with various parametric functions. As
was the case with the Newtonian fits, the MCMC method of parameter estimation
is used. The free parameters in these fits are the missing mass component named
Mmm, the scale radius rs and the baryonic scaling parameter Υbar. Υbar was again
assigned a lognormal prior with a starting point of 0 in logspace and an uncertainty
of 0.25 dex. Mmm and rs were assigned uniform priors with broad boundaries to
begin with that were later refined.

4.3.1 Cored profiles with converging mass

For any density profile of the form

ρ(r) =
ρ0

(1 + r
rs
)n

(4.7)

the total enclosed mass converges to a finite value for n > 3. For example the NFW
profile is a case with n = 3 at large radii. The first profile that of this form that
was tested is the n = 4 profile

ρ(r) =
ρ0

(1 + r
rs
)4

(4.8)

The total enclosed mass is given by

M(< r) =

∫ r

0

4πr′2
ρ0

(1 + r′

rs
)4
dr′ (4.9)

=
4πρ0r

3
s

3

(
r
rs

)3(
1 + r

rs

)3 (4.10)

In the limit of r → ∞ the mass converges to a finite value given by

Mmm =
4πρ0r

3
s

3
(4.11)

and expressing this in terms of the adimensional variable x = r/rs gives the final
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expression
M(r) = Mmm

x3

(1 + x)3
. (4.12)

The same methodology was performed for the n = 5 profile resulting in

M(r) = Mmm
(x4 + 4x3)

(1 + x)4
(4.13)

where Mmm is defined as πρ0r
3
s/3 for the n = 5 case. As well as the n = 6 case

M(r) = Mmm
(x5 + 5x4 + 10x3)

(1 + x)5
(4.14)

where Mmm is defined as 4πρ0r
3
s/30 for the n = 6 case.

4.3.2 Truncated sphere with ρ(r) ∝ r−1

We now consider a density profile that is abruptly truncated at some radius rs and
has a cuspy profile for r < rs given by

ρ(r) =

ρ0
r

r < rs

0 r > rs
(4.15)

so that the total enclosed mass is

M(r = rs) =

∫ rs

0

4π
ρ0
r′
r′2dr′ (4.16)

=
4πρ0r

2
s

2
= Mmm (4.17)

The mass profile at some radius r < rs is therefore

M(r) =

∫ r

0

4πr′2
ρ0
r′
dr′ (4.18)

=
4πρ0r

2

2
(4.19)

Multiplying by r3s/r
3
s and using the expression for Mmm gives

M(r) = Mmmx
2 (4.20)
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4.3.3 Truncated sphere with constant density

We now consider the case of a profile in which the density is a constant with radius
up to the truncation radius and after which it goes to zero. This density profile is
described by the piecewise function

ρ(r) =

ρ0 r < rs

0 r > rs
(4.21)

Total enclosed mass is given by

M(r < rs) =

∫ rs

0

4πρ0r
′2dr′ (4.22)

=
4πρ0r

3
s

3
= Mmm (4.23)

The mass profile is therefore

M(r) =

∫ r′

0

4πr′2ρ0r
′2dr′ (4.24)

=
4πρ0r

3

3
(4.25)

Multiplying by r3s/r
3
s and using the expression for Mmm gives the expression

M(r) = Mmmx
3 (4.26)

4.4 Results

The corner plots of the fits can be found at the end of the chapter. The results
are presented in the same way as before; every cluster has a dedicated page where
the columns are the acceleration profiles, the mass profiles and the circular velocity
curves. The rows contain the various models where 1/R4 stands for the ρ(r) =
ρ0/(1+

r
rs
)4 profile, likewise for 1/R5 and 1/R6. The fits were made only using data

up to 1 Mpc as discussed in Section 4.2, but the gobs data beyond 1 Mpc is still
included as hollow points for reference. The grey line labelled as MONDe stands for
extrapolated because the gmond formula, along with the best fit parameters, were
applied to the data beyond 1 Mpc in order to attempt to determine the extent of
the hydrostatic bias. A full discussion can be found in Section 4.4.2.
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It is not immediately clear which of the profiles provide the best fit. The 1/r
and constant density profiles however have very strict boundaries which makes the
blue line, representing the missing mass component, have extreme and pointed
behaviour. This is in contrast to the Rn profiles which are much smoother and have
more gradual profiles. It is more likely in nature to find these smoother profiles
rather than profiles with strict boundary. A quantitative comparison is found in
the next section.

86



Table 4.2: The best fit model parameters from the MCMC parameter estimation procedure. These values are quoted in base 10 logarithm
withMmm in Solar mass units and rs in kpc

1/r Const. 1/R4 1/R5 1/R6

A644 log(Υbar) 0.34 +0.06
−0.07 0.53 ± 0.03 -0.36 +0.17

−0.18 -0.33 +0.17
−0.18 -0.29 +0.17

−0.19

log(Mmm) 14.00 ± 0.04 13.80 ± 0.04 13.62 ± 0.03 13.47 ± 0.03 13.40 ± 0.03
log(rs) 2.56 +0.02

−0.01 2.44 +0.03
−0.02 2.53 ± 0.02 2.52 ± 0.02 2.65 ± 0.02

A1795 log(Υbar) 0.49 +0.02
−0.03 0.53 ± 0.01 0.11 +0.08

−0.09 0.21 +0.06
−0.07 0.25 ± 0.05

log(Mmm) 13.25 +0.10
−0.06 13.10 +0.04

−0.05 13.07 ± 0.05 12.88 ± 0.05 12.80 ± 0.05
log(rs) 2.27 +0.06

−0.02 2.16 ± 0.01 2.09 ± 0.02 2.27 ± 0.02 2.40 ± 0.02

A2029 log(Υbar) 0.47 ± 0.02 0.48 ± 0.01 0.24 +0.05
−0.06 0.29 +0.04

−0.05 0.32 ± 0.04
log(Mmm) 13.25 ± 0.08 13.19 +0.07

−0.08 13.17 +0.05
−0.06 12.97 ± 0.06 12.88 ± 0.06

log(rs) 2.29 +0.05
−0.03 2.22 +0.02

−0.04 2.15 ± 0.03 2.33 +0.02
−0.03 2.45 +0.02

−0.03

A2142 log(Υbar) 0.36 +0.03
−0.04 0.39 +0.02

−0.03 0.35 ± 0.05 0.36 ± 0.05 0.36 +0.04
−0.05

log(Mmm) 13.62 +0.06
−0.07 13.55 +0.06

−0.07 13.12 +0.12
−0.14 12.95 +0.11

−0.14 12.89 ± 0.10
log(rs) 2.54 ± 0.02 2.46 ± 0.02 2.35 ± 0.06 2.53 ± 0.05 2.65 ± 0.05

A2319 log(Υbar) 0.36 ± 0.03 0.51 ± 0.01 0 +0.08
−0.10 0.08 +0.07

−0.08 0.12 +0.06
−0.07

log(Mmm) 14.04 ± 0.04 13.72 ± 0.05 13.75 ± 0.03 13.56 ± 0.03 13.47 ± 0.03
log(rs) 2.76 ± 0.01 2.65 +0.02

−0.03 2.54 ± 0.02 2.71 ± 0.02 2.83 ± 0.01
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Figure 4.4: The A644 profiles. The solid green data points are the gobs data up to 1 Mpc and the green circles are the gobs
data beyond 1 Mpc. The red line is the gbar data, the blue line is the model’s missing mass gravitational acceleration profile,
the black line is the MOND fit with data up to 1 Mpc and the grey line is the MOND fit extrapolated to the data beyond 1
Mpc.



Figure 4.5: The A1795 profiles. The solid green data points are the gobs data up to 1 Mpc and the green circles are the gobs
data beyond 1 Mpc. The red line is the gbar data, the blue line is the model’s missing mass gravitational acceleration profile,
the black line is the MOND fit with data up to 1 Mpc and the grey line is the MOND fit extrapolated to the data beyond 1
Mpc.



Figure 4.6: The A2029 profiles. The solid green data points are the gobs data up to 1 Mpc and the green circles are the gobs
data beyond 1 Mpc. The red line is the gbar data, the blue line is the model’s missing mass gravitational acceleration profile,
the black line is the MOND fit with data up to 1 Mpc and the grey line is the MOND fit extrapolated to the data beyond 1
Mpc.



Figure 4.7: The A2142 profiles. The solid green data points are the gobs data up to 1 Mpc and the green circles are the gobs
data beyond 1 Mpc. The red line is the gbar data, the blue line is the model’s missing mass gravitational acceleration profile,
the black line is the MOND fit with data up to 1 Mpc and the grey line is the MOND fit extrapolated to the data beyond 1
Mpc.



Figure 4.8: The A2319 profiles. The solid green data points are the gobs data up to 1 Mpc and the green circles
are the gobs data beyond 1 Mpc. The red line is the gbar data, the blue line is the model’s missing mass gravita‐
tional acceleration profile, the black line is the MOND fit with data up to 1 Mpc and the grey line is the MOND fit
extrapolated to the data beyond 1 Mpc.



4.4.1 BIC values
The BIC values were calculated for these models in order to quantitatively compare
them. The results can be found in Table 4.3. The average BIC for the models is
shown in Table 4.4. Recall that the smaller the BIC value the better the model
fits the data. Referring to Table 3.5 which quantifies the strength of how much
better a model is with respect to another, we can comment that there is virtually
no difference between the 1/r and the constant density models. If these models are
compared to the Rn models however, there is a strong to very strong preference for
those Rn models. The 1/R5 and 1/R6 models were included to determine whether
or not a steeper profile than the 1/R4 profile is preferred. The 1/R4 profile has
a slightly smaller BIC than the 1/R5 profile value but according to Table 3.5 this
difference is negligible in terms of preference. However the even steeper 1/R6 profile,
is less preferred than the 1/R4 and 1/R5 profiles, but is strongly preferred than the
other two. It is no surprise that the data favors the Rn models because they are
the smooth profiles with no abrupt discontinuities in contrast to the other models.

Table 4.3: The BIC values for the models in a MOND context

Cluster Baryonic scaling 1/r Const. ρ 1/R4 1/R5 1/R6

A644 -655.711 -688.222 -689.114 -693.759 -699.84 -703.654
A1795 -668.034 -688.871 -693.525 -708.634 -697.57 -705.963
A2029 -649.022 -661.679 -665.720 -676.965 -678.792 -673.347
A2142 -571.229 -583.01 -581.085 -581.87 -579.929 -581.548
A2319 -838.057 -876.082 -865.134 -910.981 -909.501 -867.21

Table 4.4: Average BIC values by model

Model Average BIC

Baryonic Scaling -676.410
1/r -699.573

Constant density -698.916
1/R4 -714.442
1/R5 -713.126
1/R6 -706.344

With reference to the corner plots at the end of the Chapter, the 1/R4 plots are
the most well behaved set. The 1/r and constant density plots occasionally had
abnormalities such as a slight bimodal distribution. The main peak was chosen by
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the code as the best fit parameters in each case because the second peak was never
very strong. The number of steps, walkers and burn-ins were all increased to try to
minimize these effects but they persisted. This indicates that it is not a problem of
insufficient time to converge to the best fit parameter, but that these models are a
poor choice for the data.

The last piece of evidence to suggest that the Rn models are more favorable, in
particular the 1/R4 model, is the magnitude of the Υbar values as quoted in Table
4.2. The magnitude of these values have been reduced significantly in comparison
to the values in Table 4.1 in which the baryons alone were scaled up. These are
quite reasonable values for the Υbar, the largest being for A2142 and is 2.2 in a
linear scale. This is a success for MOND as the need for additional baryonic matter
has been greatly decreased. This has been seen to be true for galaxies but has
had varying degrees of success for galaxy clusters. The magnitudes of Υbar for the
1/r and constant density models have been slightly reduced in some cases but still
remains large, adding to the support for discounting those models.

4.4.2 Estimation of hydrostatic bias
As described in Section 4.2, the fits were performed using data up to 1 Mpc. After
the best fit parameters were determined with this data set, the model was extrap-
olated out to larger radii using those parameters. This model is shown as the
grey profile and labelled MONDe. In order to attempt to determine the level of
hydrostatic bias, we compute

gmond − gobs
gobs

x100 (4.27)

This is a measure of the absolute percentage difference between the data and the
model. This was applied to the whole dataset, not just that above 1 Mpc. This
percentage difference is plotted against the radius in Figure 4.9. The rows show
the results from the individual clusters and columns show the various models. The
black points labelled gMOND are the points that were used in the fit up to 1 Mpc.
The grey points labelled as gMONDe are those extrapolated beyond 1 Mpc. Since
the BIC values are so similar for the 1/R4 and 1/R5 profiles, only the 1/R4 profiles
were included here.

In general, the black points stay within approximately 20%. Cluster A2142,
however, has a lot of variation in the points in the inner radii as seen in Figure 4.7
and so the percentage difference from model to data is larger here. Occasionally,
the first, or first two residuals from the extrapolated model are negative. This
is expected because the R500 value that was calculated in Eckert et al. [6], above
which there is hydrostatic bias, is not exactly 1 Mpc but very slightly above for
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some clusters. Above the R500 value however all of the residuals are positive as
expected. The cluster with the largest deviation of the data from the extrapolated
model is A2319 in the fifth row where one point reaches as high as 250%. This
means that, in order to compensate for the decreasing mass profiles, there needs to
be a factor of 2.5 times more gravitational acceleration (hence pressure support) in
the furthest outskirts, in this extreme case. We recall, however, that A2319 is likely
affected by mergers at large radii, so it is not surprising to find such an anomalous
value. This may instead point to the remarkable fact that MOND may be able to
identify such merging clusters.

Focusing on the 1/R4 profile which represents the most favorable model, there
needs to be a factor of approximately 0.4 to 1.2 times more gravitational acceler-
ation at large radii. This is consistent with the results from Eckert et al. [6] who
estimates that the dynamical mass was underestimated above 1 Mpc. This addi-
tional acceleration could be due to the fact that the gas may be clumpy rather than
smooth and also by modifications to the pressure due to phenomena such as the
bulk motion of the gas.
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Figure 4.9: An estimation of the hydrostatic bias by calculating the percentage relative difference between the model and the data. The
black points are those from the data up to 1 Mpc and the grey points are from the data beyond 1 Mpc.



Table 4.5: Correlation coefficients ofMmm andRs from the best fit 1/R4 model, with T3D , Tvir and Tspec. The
p‐value is quoted alongside its coefficient.

T3D Tvir Tspec
Mmm Rs Mmm Rs Mmm Rs

Pearson 0.623 0.824 0.607 0.817 0.106 0.575

P-value 0.262 0.086 0.278 0.092 0.865 0.310

Spearman 0.600 0.900 0.6 0.900 0.3 0.800

P-value 0.285 0.037 0.285 0.037 0.624 0.104

Kendall 0.400 0.800 0.400 0.800 0.200 0.600

P-value 0.483 0.083 0.483 0.083 0.187 0.233

4.4.3 Correlation tests
In order to determine the nature of the missing mass Mmm, the best fit values
of Mmm and rs were plotted against the stellar mass, gas mas, baryonic mass,
luminosity, spectroscopic temperature, Virial temperature and T3D. This was only
done for the 1/R4 data because it is the most favorable model. The only plots that
showed any sort of correlation were the plots against the various temperatures: T3D,
Tvir and Tspec. In order to determine the strength of these correlations, a number
of correlation tests were performed and presented in Table 4.5.

The first test was Pearson’s correlation coefficient which measures the strength
and direction of the linear relationship between two variables. The coefficient runs
from -1 to 1. A value of -1 indicates strong negative linear correlation, a value close
to 0 indicates no or weak correlation and a value of 1 indicates a strong positive
linear correlation. The second test was the Spearman coefficient. This coefficient
measures the strength and direction of the monotonic relationship between two vari-
ables. This also runs from -1 to 1, -1 being strong negative monotonic relationship
and 1 being strong positive monotonic relationship as before. The last test per-
formed was Kendall’s coefficient. This measures the correspondence between two
rankings. Values close to 1 indicate strong agreement, values close to -1 indicate
strong disagreement. While Kendall’s correlation measures the rank correlation, it
does not necessarily imply a linear relationship. This coefficient also ranges from -1
to 1.

The p-value was calculated alongside all of the coefficients. The reason that the
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p-value is slightly different for each test is that they all make different assumptions
about the data. The Pearson test assumes a linear relationship in the data but
the Kendall and Spearman do not. In addition, the sample size affects the p-value
and the sample size here is only 5, so the p-values are less precise and vary more
between tests.

The results from the Kendall coefficient test are small which would indicate a
moderate to weak positive rank correlation between the two datasets. However
looking to the p-value being much larger than 0.05, the usual significance level,
the evidence is too weak to conclude that the observed correlation is statistically
significant. However if we test at 10% significance, which may be fairer considering
the small sample size, there is correlation between Rs and T3D and Rs and Tvir.
The same can be said for the Pearson test, testing at 10% significance level there
is also correlation between Rs and T3D and Rs and Tvir. Looking to the Spearman
test there are the same correlations as well as Tspec and Rs. These tests would
therefore indicate that there is indeed a correlation between the scale radius and
the temperature. From the Pearson test it would indicate a linear relationship and
from the other two tests it is likely that it is a positive monotonic relationship.

Figure 4.10: Correlation plots of theRs andMmm values taken from the 1/R4 model with the various tempera‐
tures

These plots are included in Figure 4.10. The data for T3D and Tspec was provided
by Dr. D. Eckert and Tvir was found in Eckert et al. [76]. The errors are of the
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same order of magnitude as the 3D temperature and spectroscopic temperature
from Eckert which makes the correlation and strength slightly less significant. The
error for the virial temperatures are much smaller and so this relationship is much
clearer.

Although the p-values for the Mmm tests are quite large, it is still intriguing that
the values for the coefficients were of the order 0.6 for the Spearman and Pearson
tests. The values would indicate a linear relationship as inferred from the Pearson
test and the Spearman would indicate it to be a positive monotonic relationship.
The p-value for these figures is approximately 0.27, so it is too large to infer any
strong correlations, but this may be due to the small sample size.
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4.5 Corner Plots

Figure 4.11: The Corner plots for A644. The best fit value is represented as a red dot at the centre of the cross on the 2D
projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior probabilities.
The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side representing
the 16th and 84th quantile.
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Figure 4.12: The Corner plots for A1795. The best fit value is represented as a red dot at the centre of the cross on the 2D
projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior probabilities.
The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side representing
the 16th and 84th quantile.
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Figure 4.13: The Corner plots for A2029. The best fit value is represented as a red dot at the centre of the cross on the 2D
projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior probabilities.
The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side representing
the 16th and 84th quantile.
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Figure 4.14: The Corner plots for A2142. The best fit value is represented as a red dot at the centre of the cross on the 2D
projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior probabilities.
The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side representing
the 16th and 84th quantile.
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Figure 4.15: The Corner plots for A2319. The best fit value is represented as a red dot at the centre of the cross on the 2D
projection of the posterior probabilities. This best fit value is printed above the 1D projections of the posterior probabilities.
The solid red line in the 1D projections represents the best fit value, along with the dashed lines on either side representing
the 16th and 84th quantile.
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5
Discussion and Conclusions

The hypothesised theory of cold dark matter is the cornerstone of ΛCDM cosmology.
DM is reported by many as confirmed and widely accepted in the scientific commu-
nity. However, the lack of direct laboratory evidence of this enigmatic particle, as
well as some shortcomings of ΛCDM, has lead to a search for other explanations.
This thesis investigated one such explanation known as MOND. This theory was
tested in the context of galaxy clusters, as it has been known to have great success
in reproducing galactic rotation curves, but less success with galaxy clusters. The
standard Newtonian approach has been investigated alongside the theory of MOND
in order to determine whether one theory wins out. In this Chapter, I discuss the
various successes and problems with the two approaches adopted in this thesis, and
also in the context of the wider field of research of the dark matter problem.

5.1 Model Comparison

A number of density profiles were fit to the clusters under Newtonian dynamics and
Milgromian dynamics. Their BIC values were calculated in order to quantitatively
compare the most preferred model. Since it was determined that there was likely
some hydrostatic bias in the outskirts of the clusters, the BIC values quoted in
Table 5.1 are those from the fits using the data up to 1 Mpc. This is a more fair
comparison of the models because the BIC depends on the size of the dataset.

As expected, the baryonic scaling model is the worst fit model by quite a large
margin, in both the Newtonian and Milgromian case. However it is noteworthy
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Table 5.1: Average BIC values for data < 1 Mpc for Newtonian and Milgromian models

Newtonian Model Average BIC Milgromian Model Average BIC

Baryonic scaling -655.995 Baryonic Scaling -676.410
pISO -711.949 1/r -699.573

Burkert -704.026 Constant density -698.916
Lucky13 -708.003 1/R4 -714.442

NFW -706.945 1/R5 -713.126
Einasto -707.856 1/R6 -706.344

Table 5.2: Baryonic scalingΥ values from the two approaches

Cluster Newtonian Υbar Milgromian Υbar

A644 7.963+1.009
−0.991 4.826+1.0188

−0.981

A1795 10.023+1.012
−0.988 4.244+1.0134

−0.987

A2029 7.228+1.006
−0.994 3.558+1.0123

−0.988

A2142 5.888+1.009
−0.991 3.201+1.0198

−0.980

A2319 6.209+1.013
−0.987 3.800+1.00997

−0.990

that the Milgromian baryonic scaling model is a better fit than the Newtonian one.
This is a positive result for MOND, as MOND is constructed in a way to try and
minimise the amount of missing matter needed. This is also seen in the fact that
the Υbar values are smaller in the Milgromian models as shown in Table 5.2. The
Υbar value was decreased by approximately a factor of two in most cases. However,
this value is still too large to be a reasonable mass-to-light ratio because one would
expect Υbar ≈ 1 with small variations (of the order 20-30%) to account for errors on
the baryonic mass in the ICM and individual galaxies. This result is consistent with
previous studies performed on galaxy clusters in a MOND context (e.g. Sanders
[69]); the need for additional missing mass is null for galaxies, but for galaxy clusters
it is still required.

For the same number of fitting parameters (equal to three in all models that were
tested) the smaller the BIC, the better the model fits the data, and so the more
negative the number in this case, the better the fit. In general, the BIC values for
the Newtonian models are all less than -700, so this could point to those models
in general being better descriptions of the data. This goes hand-in-hand with the
corner plots. The corner plots of the models in Chapter 3 are much more well
behaved than those in Chapter 4; the 1D histograms in Chapter 3 were very close
to gaussians and the 2D distributions were mostly circular. Within the Newtonian
models, the pseudo-isothermal model was still the best fit model having used the
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data up to 1 Mpc. This cored profile is still preferred to the cusped NFW and
Einasto. This confirmed that the well known “cusp-core problem”, that has been
observed in galaxies, is also observed in galaxy clusters. This is an outstanding
problem with ΛCDM. There is no strong preference between the NFW and Einasto
profiles. They have a very weak preference over the cored Burkert profile. The
Lucky13 profile is slightly preferred over the NFW but these are weak preferences.

The model which best describes the data overall according to the BIC values
is the 1/R4 model (or almost equally the 1/R5 model). This model has a strong
preference over the pseudo-isothermal profile from the Newtonian models. This
would be a very promising result for MOND, except that the MOND models had
a free parameter Mmm for the missing mass. It is a well established criticism of
MOND that it still requires some missing mass in galaxy clusters. At the same
time, it is relevant that this Mmm mass is of the order 1013 as quoted from the best
fit parameters in Table 4.2. With reference to Table 3.1 of the best fit parameters
for the halo mass M200, these were of the order 1015, so MOND requires much less
missing mass than the ΛCDM Newtonian approach.

5.2 Successes and Issues of the ΛCDM paradigm

The successes of the ΛCDM model in Chapter 3 must be highlighted. In particular,
with reference to Figure 3.7 which shows the mass-concentration relation, almost
all of the clusters lie within 1σ of the expected relation, with cluster A2142 being
an outlier. This means that if the clusters are described using the NFW or Einasto
halo, they follow the expected mass-concentration relation. This relation states
that massive halos are predicted to have lower concentrations, while less massive
halos tend to have higher concentrations. This may appear as a great success for
the ΛCDM model, but the NFW or Einasto profiles were not the best fit models
for the data. The cored profiles, in particular the pseudo-isothermal profile, turned
out to be the most preferred profile. So although the mass-concentration relation
was found to hold for these clusters, it does not mean that the cusped profiles fit
the data any better than the cored ones.

The preference for the cored profiles has been noted by many on galaxy scales
and named the “cusp-core problem”. This is a long standing issue of ΛCDM for
which there is still no clear explanation. On galaxy scales, a possible solution is
strong baryonic feedback that may remove large amounts of baryons from the central
regions, cause oscillations in the total gravitational potential, and eventually lead
to the formation of DM cores. On cluster scales, it is intriguing that this preference
for cored profiles is also found. This may be contributing to a re-evaluation of the
structure formation scenario in ΛCDM and the effect of baryonic physics. Adding
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to this, massive clusters have been discovered at redshifts larger than 1, for example
cluster XMMU J2235.3-2557 from Rosati et al. [77]. The presence of this cluster
at such a large redshift further demands a reevaluation of the timeline of structure
formation that has been described by ΛCDM.

The possible problems in the current theory of structure formation could also
be seen in the results obtained for the stellar-to-halo mass relation. This relation
describes the connection between the mass of the dark matter halo and the mass of
stars within the central galaxy. In ΛCDM, galaxies form in the halos by accretion
and by mergers and then the stars are formed from these galaxies. This relationship
therefore is integral to understanding galaxy formation and subsequent galaxy clus-
ter formation. The deviation that is seen in Figure 3.9 could point to the fact that
the NFW and Einasto halos were not the best descriptions of the data and therefore
would not follow the relation, or the fact that this is not a universal property. This
would point to a problem with the structure formation scenario in ΛCDM.

5.3 Successes and Issues of the MOND paradigm

As we have previously discussed, MOND can fit the cluster data as long as there
is an additional component with 2-4 times more mass than the ICM. A possible
candidate particle to account for the missing mass is an 11 eV sterile neutrino.
This neutrino is separate to the three flavours of neutrinos that are already part of
the standard model. The sterile neutrino is so called because it does not interact
electromagnetically or through the weak force. This does make this particle difficult
to detect. Theoretically, it is a viable option and has had success in recreating the
current level of precision in the measurements of the CMB anisotropies. It is also
consistent with a structure formation scenario in MOND. [71]

Another possible candidate for this matter is that of “dark baryons” in the form
of compact clouds of cold gas. These theorised baryons would only be present in
clusters and not in spiral galaxies, but Milgrom [70] posits that this may be allowed
as these two objects are very different in terms of baryonic content and likely the
formation processes. Milgrom [70] also proposes that since the mass of the dark
baryons that is required is similar to that of the hot gas in clusters, that there is
some process in which a fraction of the baryons have somehow transformed into the
cool dark clouds of baryons. This does not happen in spirals but it may be relevant
for ellipticals which contain some hot gas. Since there seems to be some correlation
between this Mmm (and rs) with the temperature of the hot gas in the clusters as
seen in Section 4.4.3, this candidate may have stronger evidence than the sterile
neutrino.

Importantly, both sterile neutrinos and compact clouds of cold gas behave as
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collisionless particles so they may be used to explain the bullet cluster in a MOND
context. There are modifications that can be made to the standard MOND formal-
ism in which the observations of the Bullet cluster can be explained. One of these
is a relativistic theory that is based in a tensor-vector-scalar field theory known
as TeVeS. This theory is the relativistic extension to the AQUAL MOND theory
described in Section 1.2.2. The total potential in this theory is given by Φ ≈ ϕN +ϕ
where ϕN is the Newtonain potential and ϕ is a dynamical scalar field. This ϕ is
a stand-in for the dark matter gravitational potential in a MOND context. The
Bullet cluster has three distinct mass distributions; the baryonic matter near the
centre and the majority of the matter on either side of this. If we consider a triple-
centred model for the potential Φ then a distribution very similar to that of the
Bullet cluster can be achieved by only considering a baryonic density distribution.
The full details can be found in Angus et al. [78]. The main point is that the Bullet
cluster’s mass distribution can be reproduced in other theories so it may not be the
absolute proof of particle dark matter, as it was presented. [79]

In addition to the missing mass, the external field effect (EFE) in MOND may
play a role to reproduce the dynamics of galaxy clusters. The concept of the ex-
ternal field effect is an interesting one, as it is not present in other gravitational
theories e.g. in General Relativity. MOND theories directly violate the underlying
assumption in GR of the strong equivalence principle so the EFE emerges, whereas
the weak equivalence principle and the Einstein equivalence principle still hold. The
introduction of the EFE in this thesis came about when we tried to directly infer the
mass profile of the missing mass component. It was found that these missing mass
profiles were decreasing, which is unphysical and would lead to MOND not being a
viable theory. In order to rectify this, the external field effect was investigated.

In MOND, one finds that the internal dynamics of a galaxy or a cluster are
affected by its environment. Once the MOND equations in an EFE context were
applied to the missing mass profiles, there were varying degrees of improvement,
but in every case there was some improvement. The most successful case was from
cluster A2142, whereby applying an external field of just 0.1a0 the mass profile went
from negative to flat, and with an external field of 0.3a0, it was increasing.

The case of A2319 had the least amount of improvement. This cluster, however,
is undergoing a merging event and so the dynamics in the outskirts are more com-
plicated. As stated in Section 4.4.2, in order to explain the decreasing mass profiles
for the missing mass in a different way, an investigation into hydrostatic bias was
performed. It is likely that there is some level of bias in the outskirts of these
galaxies, which may be causing the decreasing mass profiles. However an interest-
ing point that was discovered here was that A2319 needed a much larger amount of
gravitational acceleration in the furthest outskirts as compared to the other clusters.
This could mean that MOND may have the ability to detect whether clusters are
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undergoing mergers in the outskirts, by determining the amount of gravitational
acceleration that is needed in the outskirts, in order to make the mass profile not
decrease.

5.4 Extensions and Future work
There are many other avenues that could be explored starting from the work done
in this thesis. The simplest extension to this would be to test more models, under
Newtonian dynamics and Milgromian dynamics. In particular, with regards to the
Milgromian dynamics, it would be interesting to investigate the external field effect
in more detail. Also, it would be of interest to see whether clusters that are known
to be undergoing mergers would follow the same results as A2319, or if this method
could predict whether it is undergoing a merger in the outskirts. It would also be
worthwhile to use the MOND equations which are derived taking the external field
effect in account as seen in Chae et al. [80]. The interpolating function for these
equations is a function of the gravitational external field. This value for gext would
be a free parameter in the fits and would explore various priors to better determine
its behaviour. A larger sample size of galaxy clusters would also greatly improve
the strength of the conclusions that could be drawn.

Issues that occur in the ΛCDM model do not necessarily add credit to MOND and
vice versa, but it is more important to show that this widely accepted theory is
not completely successful. It has many successes such as an explanation for the
CMB and its anisotropies, a theory of structure formation to account for LSS and
nucleosynthesis to name a few. However it does have a number of outstanding issues
as discussed above, as well as the problems of missing baryons, the empirical Tully-
fisher relation and the observations from the bullet cluster. Some of these issues can
be accounted for using MOND. Whether or not MOND is the best theory remains
to be seen. This thesis set out to investigate whether or not it can compete with
the widely accepted ΛCDM model on galaxy cluster scales.
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